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1

HC1: Introduction to Quantum Theory I

In this lecture we present a first introduction to the mathematical framework of quantum theory. We introduce the main postulates of quantum mechanics and study the main physical consequences. We introduce
the quantum wave-function and study the equation that determine its behaviour: the Schroedinger equation.
We also introduce a number of mathematical tools which are required to compute phenomena in the quantum formalism. We also discuss Heisenberg’s uncertainty principle, and show that it entails a fundamental
limitation about the physical knowledge that we can have about quantum systems.

Learning goals of this lecture:
• Assess the consequences of the wave-particle duality posited by quantum theory.
• Understand that the state of a quantum system is fully described by the quantum wave-function,
which is a solution of the time-independent Schroedinger equation.
• Become familiar the probabilistic interpretation associated to the quantum wave-function and
compute the normalisation constants in simple cases.
• Apply Heisenberg’s uncertainty principle to pairs of correlated physical observables.

Introduction. In this first two lectures of the course (HC1 and HC2), we will present a concise overview
of the basic principles of quantum theory, the mathematical language relevant for the description of small
objects such as atoms, molecules, and electrons. We will state these central principles of quantum theory
as established facts, avoiding (due to lack of time) the historical discussion of how these principles were
developed or what is the experimental evidence that validates them. The interested student can find a brief
introduction to the historical developments that lead to the formation of quantum theory on the slides that
I have posted in Canvas:
https://canvas.vu.nl/courses/35399/files/folder/Historical%20Introduction%20to%20Quantum%20Theory
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In the following, we present the central concepts of quantum theory, focusing on those which are of
special relevance for this course. When required, we will also briefly review the corresponding mathematical
methods that are needed to deal with the idea of quantum theory.

1.1

Wave-particle duality

Every object, from a plane to a proton or an electron, will under specific conditions behave as a wave:
this concept is known as wave-particle duality. Therefore, this object will experience a behaviour usually
associated with waves, such as diffraction when crossing a narrow slit and the formation of interference
patters.
This of course sounds quite anti-intuitive: we don’t see every day cars interfering between them or
diffracting as they cross a tunnel. The reason that the wave-like character of everyday objects is that
quantum theory tells us that it should becomes apparent only when the length scales involved (say the width
of an aperture) are of the same order or smaller than their so-called De Broglie wavelength, defined as
λ≡

h
h
=
,
p
mv

(1.1)

where h = 6.26 × 10−36 m2 kg/s is a numerical constant known as Planck’s constant, ubiquitous in the
quantum theory, and p = mv is the linear momentum of the object with m being its mass and v its velocity.
Planck’s constant is one of the defining features of quantum theory, and in particular it determines when
genuinely quantum effects will be important.
Let us illustrate under which conditions the wave-like nature of two very different objects will become
relevant, an electron and a car.

First of all let us consider an electron that travels at 1% of the speed of light. This electron will
have associated a linear momentum of p = m · v = 2.73 × 10−24 kg m/s, and therefore its De Broglie
wavelength, that is, the distance scale for which an electron should exhibit a wave-like character, is
λ=

h
' 0.5 × 10−10 m ,
p

(1.2)

which is the typical separation between atoms in an crystal. Therefore one expects to observe the
wave character of electrons when crossing a crystalline lattice.
On the other hand, for a car of mass m = 1000 kg moving at a velocity of v = 100 km/h, such that
its momentum is p = 2.8 × 104 kg m/s, we can associate a De Broglie wavelength of
λ=

h
' 2 × 10−38 m ,
p

(1.3)

implying that the wave character of a car is unobservable: a car would diffract only when crossing a
tunnel of width ∼ λ, much smaller than an atom itself.
Therefore, in quantum theory, when particles interact with objects of length similar or smaller than their
de Broglie wavelength, their wave-like character will become apparent. In general particles such as protons
and electrons will exhibit phenomena that we classically associate with either particles or waves depending
on the specific circumstances.
The remarkable wave-particle behaviour of quantum theory is illustrated nicely by the famous double slit
Page 5 of 182
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Classical particles

Quantum particles

Figure 1.1: In classical theory, the behaviour of waves and particles in the double slit experiment is very different:
waves lead to an interference pattern, while particles lead to just two blobs in the detector screen (upper diagrams).
In quantum particle, the situation is very different (lower diagrams): if the number of incident particles is large
enough, a clear interference patter also appears, just as if the particles behaved as waves.

experiment, schematically represented in Fig. 1.1. In this experiment, electrons are beamed through a wall
that has only two narrow slits, and then the position of the electrons is recorded in a detector screen. In
classical theory, the behaviour of waves and particles in the double slit experiment is very different: waves
lead to an interference pattern, while particles lead to just two blobs in the detector screen (upper diagrams).
In quantum particle, the situation is very different (lower diagrams): if the number of incident particles is
large enough, a clear interference patter also appears, just as if the particles behaved as waves. On the other
hand, each particle leads to a single dot in the detector screen, so its wave-like character becomes clear only
when the number of incident electrons is very large.
Interestingly, if one of the slits depicted in Fig. 1.1 is covered, then the wave-like interference patter
formed in the detector screen disappears and the pattern of impacts is the same as for classical particles.
The double slit experiment is perhaps the most iconic of those foundational experiments that highlight how
the quantum world is radically difference from our everyday experience.
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Figure 1.2: The physical interpretation of the quantum wave-function Ψ(x) is that its square |Ψ(x)|2 is the probability
density associated to measuring the particle in a position x in space. Therefore, the probability to find the particle
at position x in the range dx will be given by |Ψ(x)|2 dx.

1.2

The quantum wave-function

In classical mechanics, one can obtain all the possible information about a system composed by N particles by
specifying their positions ~xi (t) and linear momenta p~i (t) at any given time t. One can in principle measure
positions and velocities to any given precision, and therefore the state of the system can be completely
determined.
The picture is quite different in quantum theory. There, all the information that can be obtained about
a given quantum system is encoded in its so-called wave-function Ψ(~x). What is the physical interpretation
of this wave function? Quantum theory tells us that the probability of finding the particle in a small region
d~x around the position ~x is given by the square of the wave function:
P (~x) = |Ψ(~x)|2 d~x .

(1.4)

In other words, the square of the wave function |Ψ(~x)|2 represents the probability density of finding the
particle in a specific region of space and at given time upon its measurement. Knowledge of the wavefunction specifies all the physical information that we can access for an specific quantum system: there is
no additional “hidden” information on the system that is not already present in its wave function.
Since the wave function squared, |Ψ(x)|2 , represents the probability density in the coordinate x for this
particle, we have that regions in x where |Ψ(x)|2 is higher correspond to those regions where the particle has
a higher likelihood to be found when a measurement is performed. This interpretation is known as the Born
interpretation of the wave-function, and is further illustrated in Fig. 1.2. Those values of x where |Ψ(x)|2
is maximal (minimal) have the highest (lowest) likelihood of being those where the particle is found upon a
measurement.
Note that in general the quantum wave function is a complex function, so that the square is computed
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as
|Ψ(~x)|2 = Ψ∗ (~x)Ψ(~x) ,
where the

∗

(1.5)

sign indicates the complex conjugate. To be more precise, we have that
|Ψ|2 = Ψ∗ Ψ = [Re(Ψ) − iIm(Ψ)] [Re(Ψ) + iIm(Ψ)] ,

(1.6)

in terms of the real and of the imaginary components of the wave function.
Let me give an specific example of a quantum wave function that arises in a relatively simple system we will explain later how it has been computed. As we well see in HC3, for a particle that is confined in a
one-dimensional box of dimensions 0 ≤ x ≤ L from an infinite potential of the form
V (x)

=

0,

V (x)

= ∞,

0 ≤ x ≤ L,
x≤0

(1.7)

or x ≥ L ,

one possible wave function allowed is:
r
Ψ(x)

=

Ψ(x)

=

 πx 
2
sin
, 0 ≤ x ≤ L,
L
L
0 , x ≤ 0 or x ≥ L ,

(1.8)

We can use this wave function to illustrate some important properties of the quantum wave function:
• The wave function is normalised to ensure that the probability of finding the particle anywhere in space
is unity:
Z
Z
∞

∞

dx |Ψ(x)|2 = 1 ,

dx P (x) =
−∞

(1.9)

−∞

as we can check with our specific example:
Z

L

dx
0


π
 πx 
2
2L x 1
sin2
− sin(2x) = 1
=
L
L
Lπ 2 4
0

(1.10)

which is appropriately normalised as expected. In computing this integral, we have used the result
that
Z
x sin(2x)
sin2 x dx = −
.
(1.11)
2
4
This normalisation condition ensures the conservation of probability in quantum systems.
e
If a given wave function Ψ(x)
is not normalised, one can easily construct a normalised version as
e
Ψ(x) = N Ψ(x), where the normalisation factor N is constructed as
Z
N=

2
e
dx|Ψ(x)|

−1/2
,

(1.12)

Note that here we assume that the wave function is always square-integrable, namely that integrals of
the form Eq. (1.12) are always well defined (else the probabilistic interpretation would be impossible).
Wave functions that cannot be normalised are not physical.
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Consider the following example: a system is characterised by a wave function of the form

Ψ(x) = N


sin

3πx
L




− sin

4πx
L


,

(1.13)

for 0 ≤ x ≤ L. We can compute its normalisation constant as follows. We need to impose that
1 = |Ψ(x)|2 = N 2

L

Z


dx

sin2



0

3πx
L



+ sin2



4πx
L




− 2 sin

3πx
L




sin

4πx
L


(1.14)

To compute these integrals, it is useful to change variables, z = πx/L, so that we get
1 = |Ψ(x)|2 =

N 2L
π

π

Z

dz


sin2 (3z) + sin2 (4z) − 2 sin (3z) sin (4z) = N 2 L ,

(1.15)

0

where we have used the result of the definite integral
Z

π

sin(mx) sin(nx)dx = π/2 (0) for m = n (m 6= n) .

(1.16)

0

Therefore the normalisation constant of this wave function is N = L−1/2 .
• The wave function is always continuous, specifically across boundaries. In the example we are considering one has two boundaries, at x = 0 and x = L. At these points the wave function is clearly
continuous, since
 πx 
sin
= 0.
(1.17)
L x=0,L
Note that this continuity condition does not necessarily extend to derivatives of the wave function, for
example the derivative of the wave function Eq. (1.8) is
r

0

Ψ (x)

=

Ψ0 (x)

=

 πx 
2π
cos
, 0 ≤ x ≤ L,
2
L
L
0 , x ≤ 0 or x ≥ L ,

(1.18)

which is not continuous at x = 0 or x = L, as you can easily check.
The condition that the first derivative of the quantum wave function can be discontinuous applies
only to boundaries where the potential V (x) that a particle experiences becomes infinite (as is the
case here, since the particle is confined in a box). In more realistic cases, where the potential V (x) is
finite, one can show that also the first derivative of the quantum wave function is also continuous and
single-valued everywhere in space.
So for quantum systems where V (x) is finite everywhere, then both the quantum wave function Ψ(x)
and its derivative dΨ(x)/dx should be continuous for all values of x.
• In general there is not a unique answer to the question of where exactly a quantum particle is at a
given time: all we know is what is the probability density of all possible positions x. However we
can compute what is the most likely value of a given property to find upon measurement, namely the
maximum of the associated probability distribution. We can also evaluate its expectation value, namely
the mean of the same probability distribution.
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Recall that given an stochastic random variable x with an associated probability distribution P (x),
the most likely value of x, denoted as x∗ , is given by the global maximum of P (x):
dP (x)
dx

= 0,

(1.19)

x=x∗

while the expectation value of x, hxi, is instead the mean of the distribution, evaluated as
Z
hxi =

dx x P (x) .

(1.20)

In general the most likely value and the expectation value of P (x) will be different.
For example, if we want to compute the expectation value (the mean) of an observable f (x) that
depends on the particle position x, we can use the following expression:
Z

+∞

hf (x)i ≡

Z

+∞

dx Ψ∗ (x) f (x) Ψ(x) .

dx f (x) P (x) =
−∞

(1.21)

−∞

In the case of our example wave function Eq. (1.8), we can compute the most likely value of the position
x of our particle as follows:
Z

L

hxi =

dx x
0

 πx  2L
2
sin2
= 2
L
L
π

Z

π

dy y sin2 (y) =

0

2L π 2
L
= ,
π2 4
2

(1.22)

where we have used the integral in Eq. (1.11). This result implies that if we measure the position of
the particle characterised by this wave function, the expected result is that we find it in the middle of
the box where is it confined, at x = L/2.
We can also evaluate the most likely value associated to this quantum state
d
dx



 πx 
2
sin2
L
L




=0
x=x∗

→

cos

πx∗
L


=0

(1.23)

whose solution is x∗ = L/2. In this case x∗ and hxi coincide due to the specific properties of P (x) =
|Ψ(x)|2 , but as mentioned above in general they will be different.
• In addition to studying the mathematical properties of the quantum wave function, it is often useful
to draw it to gain some intuition of these properties. For instance, the graphical representation of
the wave function Ψ(x) in Eq. (1.8) and its corresponding probability density |Ψ(x)|2 are shown in
Fig. 1.3, assuming that L = 1. From there we can see how both Ψ(x) and |Ψ|2 (x) peak at x = 1/2,
the midpoint of the box, consistent with the result above indicating that the most likely value for the
position of the particle is x∗ = hxi = L/2.
As an example, the Python code used to produce Fig. 1.3 is the following:
npts =100
for i in range (0, npts +1):
x[i] = i/npts
phi[i] = (2) ∗∗ 1/2 ∗ math.sin(math.pi ∗ x[i])
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phi2[i] = phi[i] ∗∗ 2
import matplotlib . pyplot as plt
plt.plot(x,phi ,color="blue",label=r" $\ phi(x) $ ")
plt.plot(x,phi2 ,color="red",label=r" $\ phi ^2(x) $ ")
plt. xlabel (r" $ x $ ")

Particle in a box (ground state)

1.2

(x)
2(x)

1.0
0.8
0.6
0.4
0.2
0.0
0.0

0.2

0.4

x

0.6

0.8

1.0

Figure 1.3: Graphical representation of the wave function Ψ(x) in Eq. (1.8) for the ground state of a particle in a
box and its corresponding probability density P (x) = |Ψ(x)|2 . Here we assume that L = 1.

1.3

The Schroedinger equation

In classical physics, the motion of a free particle is described by the second Newton equations, which in one
dimension reads
d2 x(t)
ma = m
= Ftot ,
(1.24)
dt
with a being the particle acceleration, x(t) its position at time t, and Ftot is the total force acting on the
particle. For a free particle Ftot = 0 and the solution is simply
x(t) = x0 + v(t − t0 ) ,

(1.25)

where x0 and v0 are the initial conditions for the position and velocity of the particle at t = 0.
As we discussed above, for a quantum system all information is provided by its wave function Ψ(x) (now
back to the position representation). So we need a different equation that determines the time evolution
of the wave function, namely the analog of Newton’s Eq. (1.24) for the quantum case. The corresponding
dynamical equation in quantum theory is known as the Schroedinger equation. Here we will restrict ourselves
to the time-independent Schroedinger equation, which determines the wave function of a quantum system in
terms of its properties such as the local potential energy. In the simplest case of motion in one dimension,
the time-independent Schroedinger equation read
−

~2 d2 Ψ(x)
+ V (x)Ψ(x) = EΨ(x) ,
2m dx2

(1.26)
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where V (x) is the potential experienced by the particle when at position x and E is its total energy (the
sum of kinetic plus potential energy). In this equation we find ~ ≡ h/2π = 1.054 × 10−34 , which is known as
the reduced Planck’s constant. In the case of a particle moving in three dimensions, the corresponding form
of the time-independent Schroedinger equation reads as follows:
~2
−
2m



d2
d2
d2
+
+
dx2
dy 2
dz 2


Ψ(~x) + V (x, y, z)Ψ(~x) = EΨ(~x) .

(1.27)

A general quantum system will be defined by the masses mi of the particles that compose it and the
potential V (x1 , x2 , . . .) that these particles experience, as well as by suitable boundary conditions.

Boundary conditions are requirements that the wave function Ψ(x) must obey in specific regions of
space. One example of boundary condition is that the wave function should be zero in regions where
the potential is infinite, that is, where V (x) = ∞ one should impose that Ψ(x). Another example is
the continuity that Ψ(x) should obey when moving between different regions of space. For example, if
a given quantum state has wave functions ΨI (x) and ΨII (x) in regions I and II that meet at x = x0 ,
then the continuity of the wave function requires that the boundary condition ΨI (x) = ΨII (x) is
satisfied.

The free particle. The simplest quantum system is a free particle moving in one dimension. For such
free particle the potential vanishes, V (x) = 0, and therefore the equation that we need to solve is:
−

~2 d2 Ψ(x)
= EΨ(x) .
2m dx2

(1.28)

This equation is a second-order ordinary differential equation (ODE). To solve it, one can try a test solution
of the form
Ψ(x) = sin(Bx) ,
(1.29)
which is a solution of Eq. (1.28) provided that
d
Ψ(x) = B cos(Bx) ,
dx
 ~2 B 2
~2 d 2
~2
−
Ψ(x) = −
−B 2 sin(Bx) =
sin(Bx) ,
2
2m dx
2m
r 2m
~2 B 2
2mE
E =
→ B=±
.
2m
~2

(1.30)

The more general solution is therefore of the plane-wave form:
r
Ψ(x) = A cos

2mE
x
~

!

r
+ B sin

2mE
x
~

!
.

(1.31)

The coefficients A and B in Eq. (1.31) are free parameters to be fixed by the specific boundary conditions
of the problem. This result shows that under exactly the same conditions, a particle propagates rather
differently in classical theory, Eq. (1.24) as compared to quantum theory, Eq. (1.31).
In Fig. 1.4 we show the same graphical representation as in Fig. 1.3 now for the wave function of the
free particle, Eq. (1.31), for A = 0 and B = 1, with an energy chosen so that 2mE/~2 = 1. We can see
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clearly the periodic nature of the wave function, with the probability of finding the particle at the position
x, P (x) = |Ψ(x)|2 , peaking at fixed separations. You might have noticed that the free-particle wave function
Eq. (1.31) cannot be normalised: the integral of |Ψ(x)|2 between −∞ and ∞ is clearly infinite. This means
that a free particle is not really a physical state. This fact is related to the Heisenberg uncertainty principle,
which we discuss next.

Free particle wave function (2mE/ 2 = 1)
1.0
0.5
0.0
0.5
(x)
2(x)

1.0
10.0

7.5

5.0

2.5

0.0
x

2.5

5.0

7.5

10.0

Figure 1.4: Same as Fig. 1.3 for the wave function of the free particle, Eq. (1.31), for A = 0 and B = 1, with an
energy chosen so that 2mE/~2 = 1. Note that this wave function cannot be normalised, highlighting that these
solutions do not correspond to physical systems.

1.4

Heisenberg’s uncertainty principle

In quantum theory, certain pairs of physical variables, named conjugated variables, cannot be measured
simultaneously with arbitrarily good precision. This limitation is not a matter of using measurement apparatus that have a finite resolution. It is actually a matter of principle: this statement holds true even for an
ideal measurement apparatus without any experimental uncertainty associated. This condition restricts the
amount of information that we can access for a specific quantum system, and is known as the Heisenberg’s
uncertainty principle. This principle is one of the building blocks of quantum mechanics.
Perhaps the most important incarnation of the Heisenberg’s uncertainty principle is the one that relates
the position and the linear momentum of a particle. If we denote by ∆x the uncertainty associated to
the position of a given particle, and ∆px the uncertainty associated to its linear momentum (in the same
direction), quantum theory tells us that both ∆x and ∆px cannot be arbitrarily small at the same time.
Instead, they need to satisfy the following inequality:
∆x · ∆px ≥ ~ ,

(1.32)

in terms of the reduced Planck’s constant. This means, for example, that if we aim to measure the momentum
of a particle with resolution ∆p, then we will not be able to determine its position with a resolution better
than
h 1
∆x ≥
.
(1.33)
2π ∆px
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We emphasize again that Eq. (1.32) is not merely a restriction due to the imprecision of our experimental
measurement apparatus: this is a fundamental limitation about the information that can be extracted from
a quantum system even with a perfect measurement. The same principle holds for other variables, such as
energy and time, where we have that
∆E · ∆t ≥ ~ .
(1.34)
This inequality implies that in order to measure the energy of a particle with perfect precision, the measurement would take infinite time, since ∆t ≥ (~/∆E).
It is important to emphasize at this point that not all physical variables are conjugate among them: for
example, while there is a limitation in how well we can measure simultaneously the position and momentum
of a given particle in the same direction,
∆y · ∆py ≥ ~ ,

∆z · ∆pz ≥ ~ ,

(1.35)

this restriction is not present to measure the position in a given direction and its linear momentum in an
orthogonal direction, for example we can have that
∆y · ∆px ≥ 0 ,

∆x · ∆pz ≥ 0 .

(1.36)

meaning that we can measure the position of a particle in one direction at the same time that its linear
momentum in an orthogonal direction with arbitrarily good precision.
Heisenberg’s principle is a radical departure from the classical picture, where the limits in which how
well we can measure arbitrary physical quantities are only determined by the resolution of our measurement
apparatus. How come then that classically we can measure the properties of any given object to any precision?

Because the restriction imposed by Heisenberg’s uncertainty principle is only relevant when either
distances or momenta are very small, else it is inconsequential. For example, let’s consider the same
car as in the previous example, with m = 1000 kg and v = 100 km/h, so that p = 27.8 × 103 kg · m/s.
So if one measures this momentum with precision better than one part in a billion, with ∆p =
10−12 × p, then Heisenberg’s uncertainty principle implies that the uncertainty in the knowledge of
the position of the car will be


∆x = ~/∆p = 1.05 × 10−34 m2 kg/s / 27.8 × 10−8 kg · m/s = 3.8 × 10−28 m ,

(1.37)

which certainly is irrelevant from the practical point of view.
On the other hand, for the electron with momentum p = m · v = 2.73 × 10−24 kg m/s, if we measure
its momentum with a 10% uncertainty, then the position of the electron will have an uncertainty of


∆x = ~/∆p = 1.05 × 10−34 m2 kg/s / 2.73 × 10−25 = 3.8 × 3.8−10 m ,

(1.38)

which is of the same order of the size of an atom, thus certainly relevant in practice.
Heisenberg’s uncertainty principle is also useful to understand what happens with the free-particle wave
function. We saw that this wave function, Eq. (1.31), could not be normalised. The reason is that this wave
function corresponds to a particle with well defined kinetic energy E and thus well-defined linear momentum
√
px = 2mE (since for a free particle E = mv 2 /2 = (mv)2 /2m = p2 /2m). Therefore, the free-particle
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wave function corresponds to a quantum state with a well-definite momentum, and therefore characterised
by ∆px = 0. However, in this case Heisenberg’s uncertainty principle implies that the uncertainty in the
position of the particle will be
∆x ≥ ~/∆px ≥ ∞
(1.39)
so the particle is maximally delocalised: this is why it is not possible to normalise its wave function.

Summary
We can now recapitulate what we have learned in this first lecture about some of the basic ideas of quantum
theory. These ideas will be extensively used in the rest of the course, and applied to a wide variety of different
quantum systems.
I/ All the physical information about a quantum system is contained in its wave-function Ψ(x).
II/ The square of the wave-function |Ψ(x)|2 represents the probability density for finding the particle at
the position x upon a measurement. We cannot ascertain the exact position of a particle, but we can
evaluate for example its expectation value hxi.
III/ The wave-function Ψ(x) must be continuous, have a continuous first derivative (unless the potential is
infinite at the boundary), be single valued, and be squared-integrable. Probability conservation implies
that the wave function should be normalised to unity.
IV/ The wave function is a solution of a differential equation called the Schroedinger equation, which
depends on the potential V (x) under which the particle moves.
V/ In quantum theory there is an intrinsic limitation on how well we can measure specific pairs of physical
observables, such as position and momentum. This property is quantified by Heisenberg’s uncertainty
principle.
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2

HC2: Introduction to Quantum Theory II

In this lecture we continue with the introduction to the basic concepts of quantum theory. We will present
the mathematical language required to extract information on physical properties from the wave function
of a quantum state. In particular, we will show how in quantum theory there is a correspondence between
physical observables and operators, and how the action of these operators can be expressed in the framework
of linear algebra.

Learning goals of these two lectures:
• Become familiar with the mathematical formalism of quantum physics, including Hermitian
operators, eigenvalue equations, and orthogonality.
• Express the measurement process of quantum states in the mathematical language of linear
algebra.
• Determine how experimental observables can be calculated from the wave-function.
• Compute the expectation values of physical quantities in selected quantum states.
• Differentiate between the most important types of radioactive processes.

2.1

Observables and operators in quantum theory

As we have discussed in HC1, the wave-function Ψ(x) of a quantum system contains the complete physical
information on the system. In particular, the various properties of the system should be calculable only from
the knowledge of the wave-function, without any additional inputs required.
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In quantum theory, we denote as an observable a given property of a quantum system (energy,
momentum, angular momentum, electric charge, ...) that can be extracted from a experimental
measurement of this system. Mathematically, the tools that we will use to compute the expected
outcome of a measurement of a quantum system are known as operators, which can be expressed in
the language of eigenfunctions and eigenvectors of linear algebra.
Before discussing the role that operators have in quantum theory, let us briefly review the concept of an
eigenvalue system with matrices that you have learned in your linear algebra courses.
Eigenvalue equations with matrices.

An eigenvalue equation is a mathematical equation of the form
Av = λv.

(2.1)

where A is an square matrix of dimensions n × n and v is a column vector with n dimensions. The scalar
λ is known as the eigenvalue of the equation, while the vector v is known as the associated eigenvector.
The key feature of Eq. (2.8) is that applying a matrix A to the vector v returns the original vector with an
overall rescaling, λv. In order to compute the eigenvalues of a matrix, we need to evaluate the solutions of
the characteristic equation of the matrix A, defined as
det (A − λ · I) = 0 ,

(2.2)

where I is the identity matrix of dimensions n × n, and det is the determinant.
To illustrate how to compute eigenvalues, one can consider the following matrix
A=

1
3

−3
−5

!
,

(2.3)

= λ2 + 4λ + 4 = 0 .

(2.4)

which has associated the following characteristic equation
det (A − λ · I) =

1−λ
3

−3
−5 − λ

We can solve quadratic equation, finding that the two eigenvalues associated to the matrix A are λ1 = λ2 =
−2. So in this case the two eigenvalues are the same.
Once we know the eigenvalues λi associated to a given matrix A, we can compute the corresponding
eigenvectors vi , defined as the vectors that satisfy
Avi = λvi .

(2.5)

which is an n–dimensional system of linear equations. In our example case, the equation that needs to be
solved is
!
!
!
1 −3
v1,1
v1,1
= λ1
(2.6)
3 −5
v1,2
v1,2
v1,1 − 3v1,2

=

−2v1,1

3v1,1 − 5v1,2

=

−2v1,1

(2.7)
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which can be solved to find vi = (1, 1). Note that the normalisation of the eigenvectors is arbitrary: if
vi is an eigenvector of a given matrix A, then bvi , with b being an arbitrary complex number, is also an
eigenvector.
You can also solve eigenvalue equations using numerical software. For instance, using Python you can
easily find the eigenvalues and eigenvectors of a square matrix A using the following instructions:
from numpy import linalg as LA
A = [[1 , −3],
[3, −5]]
# Solve the eigensystem
w, v = LA.eig(A)

# Print the r e s u l t s
print (" eigenvalues = ",w)
print (" eigenvectors = ",v)

Eigenvalue equations in quantum systems. Formally, an operator represents the action of a specific
mathematical function onto a given wave-function Ψ(x). For instance, Schroedinger’s equation Eq. (1.27)
can be expressed in operator form as follows
b
HΨ(x)
= EΨ(x) ,

(2.8)

where the “hat” (b) symbol indicates an operator (as opposed to just a standard function), in this case the
Hamiltonian operator defined as
2
2
b ≡ − ~ d + V (x) .
H
(2.9)
2m dx2
Operators in quantum theory act on wave function and return either numbers or functions. An operator
equation of the form of Eq. (2.8) has the same form as the eigenvalue equations that we saw before in
b and the eigenvector v by the quantum
Eq. (2.8), replacing the matrix A by the Hamiltonian operator H
wave function Ψ(x). Actually the analogy is more transparent for those quantum systems where the number
of quantum states is finite, and where the Hamiltonian operator can be written as a square matrix. We will
see examples of such systems when discussing the quantum mechanics of molecules.

An operator is a mathematical object that is defined by its action upon some test function. For
b1 = d/dx is defined as taking the derivative on the function it
example, the action of the operator O
b1 f (c) = df (x)/dx. A specific class of operators are those which just add a multiplicative
acts upon, O
b2 = x3 is defined by O
b1 f (x) = x3 f (x).
pre-factor, for instance the action of the operator O
b to the wave-function returns the
In the case of Eq. (2.8), the application of the Hamiltonian operator H
total energy E of the quantum state. The correspondence between operators and observables implies that
b is the operator that represents the total energy of a given quantum system. Therefore, we can determine
H
b to its wave function. Note that not all wave
the energy of a quantum system by applying the operator H
b
functions are eigenvalues of H, meaning that one can construct wave functions for which
b
HΨ(x)
6= EΨ(x) .

(2.10)

In general, solving a quantum system corresponds to determining the eigenvalues and eigenvectors of
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Eq. (2.8), which is the equivalent to solving the Schroedinger equation.
In general, an eigenvalue equation in quantum theory will take the general form
b Ψk (x) = ωk Ψk (x) ,
Ω

k = 1, . . . , n

(2.11)

where we have:
b represents a generic operator associated to the observable property Ω (such as the energy or mo• Ω
mentum) of the quantum system.
• Ψk is the k-th eigenfunction, corresponding to the k-th eigenvalue ωk . It can be physically interpreted
b takes
as the wave function of a quantum system where the observable Ω associated to the operator Ω
a value ωk .
• n is the number of eigenvalues that this equation has.
Note that the eigenvalues ω are in general complex and can be either constant or functions of other variables,
such as the position x.
Let us provide two examples of eigenvalue equations in quantum theory.
b ≡ d/dx? To verify if this is the case, we apply the
(a) Is Ψ(x) = eα x an eigenfunction of the operator Ω
operator to the wave-function to find
b = d eα x = αeα x = αΨ ,
ΩΨ
dx

(2.12)

b with α being the associated eigenvalue.
so indeed in this case Ψ(x) is an eigenfunction of Ω,
2

(b) Is Ψ(x) = eαx + eα x an eigenfunction of the same operator? Let us check it in the same way as before:


b = d eαx + eα x2 = αeαx + 2αxeα x2 6= ωΨ ,
ΩΨ
dx

(2.13)

thus now the wave function Ψ(x) is not an eigenfunction, since it cannot be written as the product of
b acts upon it.
an eigenvalue and the same eigenfunction once the operator Ω
Observables and operators. Therefore, in quantum theory any observable property Ω of a quantum
b We can then determine the value of this property associated to
system will be represented by an operator Ω.
b k = ωk Ψk . We list here
the specific quantum system Ψ by solving the corresponding eigenvalue equations ΩΨ
the most important cases for this correspondence between observables and operators, for simplicity restricted
to the one-dimensional case:
Observable

Operator

Position: x

x
b=x

Linear momentum: px = mvx

pbx =

~ d
i dx

Kinetic energy: T = 21 mvx2 = p2x /2m

~2 d 2
Tb = − 2m
dx2

Potential energy: V = V (x)

Vb = V (x)

Total energy: E = T + V = p2x /2m + V (x)

b = − ~2 d22 + V (x)
H
2m dx
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Later in the course we will see how this correspondence between observables and operators in quantum
theory can be extended to other cases, such as the angular momentum.
Commutation relations. Heisenberg’s uncertainty principle illustrates an important concept of quantum
theory: the complementarity between physical observables. We define two observables Ω1 and Ω2 to be
b 1 and Ω
b 2 onto a generic wave
complementary if the sequential application of the corresponding operators Ω
function Ψ does not commute, that is,




b1 Ω
b 2 Ψ 6= Ω
b2 Ω
b 1Ψ ,
Ω

(2.14)

c1 and Ω
c2 to a generic wave-function depends
or in other words, the results of applying the two operators Ω
on the order in which they have been applied. It can be demonstrated that for each pair of complementary
observables there will be a relation of the form of the Heisenberg uncertainty principle, Eq. (1.32), implying
that a simultaneous measurement of the physical quantities Ω1 and Ω2 with arbitrary precision is not
possible. As mentioned above, two examples of complementary variables are position and momentum in the
same direction, Ω1 = x and Ω2 = px , as well as time and total energy, Ω1 = t and Ω2 = E.
The result that in quantum theory the subsequent application of operators associated to physical observables to a quantum wave function does not necessarily commute can be represented introducing another
useful mathematical concept, the commutator between two operators. This commutation operator is defined
as
h
i
b 1, Ω
b2 ≡ Ω
b 1Ω
b2 − Ω
b 2Ω
b1 ,
Ω
(2.15)
where note that the commutator of two operators is another operator, that is, it should be understood as
being applied to a wave-function. With this definition, for the position and momentum operators we find
that their commutator is given by
[b
x, pbx ] = i~ ,
(2.16)
as is easy to verify explicitly. Indeed, since

x
bpbx Ψ = x

pbx x
bΨ =

~ d
i dx

~ d
i dx


Ψ=


(xΨ) =

~ dΨ
x
,
i dx

~
~ dΨ
Ψ+ x
,
i
i dx

(2.17)

(2.18)

then their commutator gives
~
[b
x, pbx ] Ψ = − Ψ = i~Ψ ,
(2.19)
i
which is the sought-for result Eq. (2.16). Therefore, x and p are complementary observables (their operators
do not commute) and thus they cannot be measured simultaneously with arbitrary precision. This is another
way of representing Heisenberg’s uncertainty principle.
In general, for any two operators representing physical quantities, if one finds that
h
i
b 1, Ω
b 2 6= 0 ,
Ω

(2.20)

that is, that the two operators do not commute, then the physical observables to which these two operators
are associated are complementary and have associated a Heisenberg uncertainty relation. In other words,
they cannot be measured with arbitrary precision at the same time.
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The quantum superposition principle and the free particle revisited

In general not all quantum wave functions will be the solution of an eigenvalue equation. Going back to the
Schroedinger equation expressed as an eigenvalue equation, Eq. (2.8), we can write its solutions (eigenvalues
and eigenfunctions) as
b k (x) = Ek Ψk .
HΨ
(2.21)
and now we can present a powerful principle of quantum theory, known as the superposition principle:

b k = ωk Ψk , for example the
If Ψ1 , Ψ2 , . . . , Ψn are solutions of a quantum eigenvalue equation, ΩΨ
Schroedinger equation, then the quantum state defined by their linear superposition
Ψ(x) =

n
X

ck Ψk (x) ,

(2.22)

k=1

is also a physically acceptable quantum state, although it will not have associated a unique value of
the physical observable Ω as the eigenfunctions do.
The coefficients ck can be determined from measurements of Ω in this quantum system: the probability
of measuring ωk is Pk = |ck |2 , that is, the square of the corresponding coefficient. For example, if
√
√
we measure ω1 16% of the times, we know that c1 = P1 = 0.16 = 0.4. Note that since the wave
function should be normalised the sum of all probabilities should add up to one, and therefore the
P
coefficients ck should satisfy k |ck |2 = 1.
Applying the superposition principle, we know that the wave function
Ψ(x) =

X

ck Ψk (x) ,

(2.23)

k

with ck complex numbers, is also a possible valid quantum state for the system. However, crucially, Ψ(x)
is not itself a solution of Schroedinger’s equation. You can check this by using the operator form of the
equation and finding that
b
HΨ(x)
=

X

b k (x) =
ck HΨ

k

X

ck Ek Ψk (x) 6= ωΨ(x),

(2.24)

k

showing how there exist physically allowed quantum systems that are not solutions of Schroedinger’s equations. The reason is that these quantum states do not have a well-defined energy, and that different measurements of E will return different values.
The free particle revisited. We can now revisit the free-particle solution of the Schroedinger’s equation,
Eq. (1.31). We would like to compute which is the linear momentum associated to this quantum state. For
quantum states with well-defined momentum, we know using the above correspondence that we should use
the corresponding eigenvalue equation:
pbx Ψ(x) =

~ d
Ψ(x) = px Ψ(x) ,
i dx

(2.25)
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with px being the sought-for result. Considering the B = 0 solution, if we apply Eq. (2.25) to the free
particle wave function we find:
!
"
!#
r
r
r
~ d
~
2mE
2mE
2mE
pbx Ψ(x) =
sin
x 6= px Ψ(x) ,
A cos
x
=− A
i dx
~
i
~2
~2

(2.26)

so we find that a plane wave solution of the form of Eq. (1.31) with B = 0 is not an eigenvector of the linear
momentum operator: we cannot associate a well-defined value of px to this quantum state.
On the other hand, if we choose that B = iA in Eq. (1.31) we have that the wave function reads
r
Ψ(x) = A cos

2mE
x
~2

!

r
+ iA sin

2mE
x
~2

!

r
= A exp i

2mE
x
~2

!
,

(2.27)

and if now we apply the momentum operator to this wave function we get
"
!#
r
√
~ d
2mE
pbx Ψ(x) =
A exp i
x
= 2mEΨ(x)
2
i dx
~

(2.28)

so the momentum along the x direction px that can be associated to the free particle with wave function
√
Eq. (2.27) is px = 2mE. One can easily show that the solution where B = −iA is also an eigenvalue
√
of the linear momentum operator with eigenvector px = − 2mE. Therefore, the general solution of the
Schroedinger equation for the free particle is a linear combination of plane waves moving in the positive
direction with well defined momentum and the corresponding plane waves moving in the negative direction.
This calculation indicates that not all the solutions of the Schroedinger’s equation for a free particle
are eigenvectors of the linear momentum operator. In other words, one can have states that have welldefined energy E but not well-defined linear momentum px . This is a consequence of the fact that the linear
momentum has sign and direction, while the kinetic energy depends only on its modulus, E ∝ |~
p|2 .
Wave-packet solutions. So does this mean that free particles always have well-defined values of their
linear momentum px ? Does this imply that the position of a free particle is always maximally uncertain?
No, if we take into account that physically, from Eq. (1.32), there should be an uncertainty associated also to
the expectation value of pb, the momentum of the quantum state, if we want to have the particle localised in
a finite region of space. A wave function for a free particle with a finite momentum resolution (and therefore
a certain amount of spatial localisation) can be constructed by means of a superposition of free-particle
solutions, each with different wave numbers k, namely
Ψ(x) =

N
X

ck eikx .

(2.29)

k

The more the number of contributions N to the above sum, the higher the uncertainty on the momentum of
the particle, and thus we obtain an increased localization of the particle in x. This can be seen by plotting
the free-particle wave-function superposition:
Ψ(x) =

N
X

cos(nπx) ,

(2.30)

n=1
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Figure 2.1: The wave function Eq. (2.30) corresponding to the superposition of N plane-wave free particle solutions,
each with a different value of k = nπ. We show the results from the addition of N = 2, 5, 21 terms in Eq. (2.30),
showing that the more terms we include, the better the localization of the free particle (since the higher is the
indetermination of its momentum px ).

which is shown in Fig. 2.1: the more terms we add in the sum, the more values the momentum ~k of the
particle can take, hence ∆p is higher (more uncertain) and ∆x smaller (increased localization in space).

2.3

Hermiticity and orthogonality.

In quantum mechanics, observable properties of a system have associated operators, whose eigenvalues
correspond to the values than these observables can take when the measurement is performed in a quantum
state described by an eigenfunction of this operator. However, not all operators will lead to physically
sensible observables. In particular, only operators which are Hermitian are physically allowed. Hermitian
operators have important properties, in particular in this course we will exploit the fact that:
• Hermitian operators have always associated real eigenvalues as opposed to complex ones.
• The eigenfunctions of Hermitian operators are always orthogonal among them: the overlap integral
between two of such eigenfunctions vanishes.
b is Hermitian
What is the defining characteristic of an Hermitian operator? We say that an operator Ω
provided that, given two arbitrary wave-functions Ψi and Ψj , it satisfies the following property:
Z

b j=
dxΨ∗i ΩΨ

Z

b j
dxΨ∗i ΩΨ

†
,

(2.31)

where the “dagger” symbol † indicates to to interchange i and j (that is, taking the transpose matrix), and
then taking the complex conjugate, that is
Z

b j
dxΨ∗i ΩΨ

†

Z
=


∗
b i .
dx Ψ∗j ΩΨ

(2.32)

Page 23 of 182

Dr Juan Rojo

From Quantum to Molecule: Lecture Notes

February 19, 2020

One can verify that all the operators that we have introduced so far, such as the position x
b and the linear
momentum pc
x operators are Hermitian. For example, in the latter case we have
Z

dxΨ∗i pb Ψj =

Z

dxΨ∗i



~ d
i dx




~ ∗
Ψi Ψj
Ψj =
i

+∞

Z
−

−∞




Z
d ∗
~ d ∗
dxΨj Ψi = dxΨj −
Ψ
dx
i dx i

(2.33)

where we have used integration by parts, and exploited the facts that wave-functions must vanish at infinity
(since they must be square-integrable). Therefore we have demonstrated that
Z

dxΨ∗i pb Ψj =

Z


Z
†

~ d ∗
Ψi =
dxΨ∗i pb Ψj
.
dxΨj −
i dx

(2.34)

and thus the linear momentum operator pb is Hermitian.
In quantum theory, all physical observables (associated to quantities that can be accessed experimentally) are represented by Hermitian operators. This ensures that the expectation values of these
observables in physical systems (as well as the outcome of any individual measurement) are real instead of complex (which could not be otherwise, since i.e. a physical system cannot have a complex
energy or a complex position).
b are real can be demonstrated from its
The key property that the eigenvalues of an Hermitian operator Ω
definition Eq. (2.31) as follows. Let us assume that Ψi = Ψj = ψ is an eigenfunction of this operator with
b = ωψ holds. Then we have that
eigenvalue ω, that is, the relation Ωψ
Z
Z
Z
∗
∗
dxψ Ωψ = dxψ ωψ = ω dxψ ∗ ψ = ω ,
(2.35)
since the wave-function is normalized to one, and that also we have that the “dagger” version of the above
expression gives
Z
†  Z

dxψ ∗ Ωψ = ω dx(ψ ∗ ψ)∗ = ω ∗
(2.36)
b is Hermitian, then it follows that ω ∗ = ω. In other words, ω is a real number irrespective of the
and since Ω
specific operator that we use provided that it is Hermitian.
It is also possible to show that, for an Hermitian operator, its eigenfunctions are orthogonal among
them. In other words, they constitute a set of linearly independent basis functions in the sense of a vector
space in linear algebra. Mathematically, the orthogonality property implies that if Ψi (x) and Ψj (x) are two
b then the following relation holds:
eigenfunctions of the operator Ω,
Z
dx Ψ∗i (x) Ψj (x) = δij ,
(2.37)
that is, the integral vanishes unless the eigenfunctions are the same, i = j, in which case the integral
equals one because of the normalization condition (the eigenvectors can always be normalised to ensure that
Eq. (2.37) is satisfied). This important property allows to project a general quantum state as a linear superposition of the eigenfunctions of an Hermitian operator, which form a complete basis of the corresponding
vector space.
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Expectation values of physical quantities

The wave-function Ψ can be used to determine the expectation value of physical observables of a given
quantum system, that is, the expected average over many measurements of this quantity. This is a familiar
concept from probability theory: if we measure a given quantity b n times, say bi , then its mean is:
n

1X
hbi =
bi ,
n i=1

(2.38)

and represents our best estimate of the true value of the observable b. In quantum theory, we cannot predict
in general the outcome of individual measurements, but we can predict what will be the average over a large
number of measurements.
b we can compute its expectation
In quantum theory, if we have an observable Ω associated to an operator Ω,
value in a quantum state characterised by the wave function Ψ(x) as follows
Z

b ,
dx Ψ∗ ΩΨ

hΩi =

(2.39)

Here we can have two possible situations:
b namely ΩΨ
b = ωΨ
• The first one is that the wave function Ψ is already an eigenvector of the operator Ω,
In that case we have that the expectation value is given by
Z
Z
Z
∗b
∗
hΩi = dxΨ ΩΨ = dxΨ ωΨ = ω dxΨ∗ Ψ = ω ,
(2.40)
so it coincides with the corresponding eigenvalue. This is the simplest possible situation: if we measure the observable Ω in the system characterised by this wave function, then the outcome of the
measurement will always be the same: ω.
b In this case,
• In general however the wave function Ψ(x) will not be an eigenvector of the operator Ω.
b defined by the condition
we can use the fact that the eigenvectors of Ω,
b k = ω k Ψk ,
ΩΨ

k = 1, . . . , n

(2.41)

form a complete basis in the Hilbert vector space. This means that I can always expand the original
wave function Ψ(x) as a linear combination of the eigenvectors Ψk , in the same way that if I have a
basis in a vector space I can always expand a general vector in terms of a linear combination of the
elements of the basis. In other words, I can always construct an expansion of the form
Ψ(x) =

n
X

ck Ψk (x) .

(2.42)

k=1

with ck being complex numerical coefficients. The coefficients ck can be determined by exploiting the
condition that the eigenvectors of an Hermitian operator form a complete basis:
Z

∗

dx Ψ (x)Ψj (x) =

Z
dx

n
X

!∗
ck Ψk (x)

Ψj (x) =

k=1

n
X

c∗k

Z

dx Ψ∗k (x)Ψj (x) = c∗j ,

(2.43)

k=1

since the {Ψk } eigenvectors are orthonormal among them.
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Therefore, in full generality, we can always expand a quantum wave function as in Eq. (2.42) in terms
of the eigenvectors of the operator associated to the physical observable that we want to measure. In
this case, the expectation value hΩi will be given by the weighted sum of eigenvalues, with weight |ck |2 :
!∗

Z
hΩi =

dx

X

c k Ψk



Z
X
X
X
X
∗
b


Ω
cj Ψj =
ck cj ωj dxΨ∗k Ψj =
c∗k cj ωj δij =
|ck |2 ωk ,
j

k

k,j

k,j

k

(2.44)
where we have use the orthogonality property of the eigenfunctions of an Hermitian operator Eq. (2.37).
Note that in this derivation we assume that the coefficients of the linear superposition Eq. (2.42) are
P
canonically normalized, that is, they satisfy k |ck |2 = 1, as implied by the condition that the original
wave function Ψ(x) is appropriately normalised.
Therefore, if we know the expansion of a given wave function in terms of the eigenvectors of an
Hermitian operator, Eq. (2.42), we can readily compute the expectation value of this operator as a
weighted sum of its eigenvalues as indicated by Eq. (2.44). In other words, if we express the wave
b
function of a quantum system Ψ(x) as a linear superposition of the eigenvalues of an operator Ω,
Ψ(x) =

X

ck Ψk (x) ,

b k = ωk Ψk ,
ΩΨ

(2.45)

k

then evaluating the expectation value of the physical observable Ω is particularly simple:
hΩi =

X

|ck |2 ωk .

(2.46)

k

That implies that the coefficients ck completely determine the corresponding expectation values. These
coefficients can be determined by experimental measurements of Ω in this system: the probability Pk to
finding the eigenvalue ωk is proportional to |ck |2 , so if the wave function is normalised then Pk = |ck |2 .
Assume a quantum system, characterised by energy eigenstates with wave functions
Ψ0 (x), Ψ1 (x), Ψ2 (x), . . . and the corresponding eigenvalues E0 , E1 , E2 , . . .. In 50% of the measurements of the energy of the system, we find E1 , in 10% of the measurements, we find E3 , and in all
other measurements we find E5 . We would like to determine the expectation value hEi for the energy
of the system. First of all we need to know the coefficients cn of the wave function of the system,
Ψ(x) =

∞
X

cn Ψn (x) ,

(2.47)

n=0

and for this we will use that the probability Pn to find an energy En upon a measurement in this
system is the given by |cn |2 , the square of the corresponding coefficient in the wave function. Therefore
√
√
√
√
√
√
from the data in the problem we have c1 = P1 = 0.5, c3 = P3 = 0.1, c5 = P5 = 0.4, where
the value of P5 has been determined from the condition that P1 + P3 + P5 : the probability of all
possible outcomes must add up to unity. We can now evaluate the expectation value of E using
hEi =

∞
X
n=0

|cn |2 En =

∞
X

Pn En = 0.5E1 + 0.1E3 + 0.4E5 .

(2.48)

n=0

Note that here En , as opposed to Eq. (2.47), is multiplied by Pn = |cn |2 rather than by the cn itself.
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Figure 2.2: The three main types of radioactive decay processes. In alphas decay, mediated by the strong interaction,
a He nucleus (2 protons and 2 neutrons) is emitted. In beta decay, mediated by the weak interaction, either an electron
or a positron are emitted (together with a neutrino). In gamma decay, mediated by electromagnetism, a high energy
photon is emitted.

2.5

Radioactivity

The concepts of radioactivity and radiation are intrinsically linked to quantum theory, and will appear
frequently along the various topics covered in this course. By radioactivity we understand the spontaneous
emission of energetic particles from unstable atoms. This phenomenon is a direct consequence of quantum
theory. Radioactivity is an very important phenomenon in nuclear and particle physics, which has lead to
many applications such as nuclear energy as well as to important medical imaging applications.
There are three main types of radioactive processes:
• α radiation: the emission of a He nucleus (a bound state of two protons and two neutrons).
This radioactive decay process is mediated by the strong nuclear force. If the initial unstable element
is A
Z X, where Z is the atomic number (number of protons) and A is the mass number (numbers of
protons plus neutrons), then the daughter element will be A−4
Z−2 Y , given the proton and neutron content
of an α particle
• β radiation: the emission of an electron (or its anti-particle, the positron), together with a neutrino.
This radioactive decay process is mediated by the weak interaction. If the initial unstable element is
A
A
Z X, for this process the final element will be Z±1 Y , depending on whether an electron or a positron
has been emitted.
• γ radiation: the emission of a high energy photon γ.
This radioactive decay process is mediated by the electromagnetic interaction. In this case, the values
of the atomic Z and mass A numbers will be the same for the initial and final element: actually this
transition consist of the relaxation of an excited atomic state to a state with less energy.
Therefore each of these three radioactive processes is mediated by a different fundamental interaction. The
mean features of these three kinds of radioactive processes are summarized in Fig. 2.2.
You might ask yourselves: what causes a specific atom to decay? And how does exactly the atom know
at which time it has to decay? Since radioactive decays are determined by quantum theory, at this point you
might have already figured out that they are intrinsically probabilistic in nature. In other words, quantum
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theory allows us to predict when average a large collection of atoms will decay, but we cannot know when
a given specific atom will decay. That is, in quantum theory we can compute the expectation value of the
time it takes for a given type of atoms to decay radioactively.
If the number of atoms in a given radioactive sample is N (t), and we have N0 = N (t = 0) atoms to
begin with, the infinitesimal variation dN in a time interval dt will be proportional to the number of atoms
themselves, so it will be given by −λN (t)dt, with λ known as the decay constant of this specific radioactive
process. Solving the associated differential equation we see that the number N (t) of radioactive atoms at
any given time will be
dN = −λN (t)dt → N (t) = N0 e−t/τ ,
(2.49)
with τ = 1/λ representing the average lifetime of the atoms, that is, the average time they take to decay.
To validate this interpretation, note that the average of a stochastic variable t with probability density N (t)
is given by
R∞
dt t N (t)
=τ.
(2.50)
hti = R0 ∞
dt N (t)
0
Therefore, we see from Eq. (2.49) that the number of nuclei of a given sample that undergo radioactive
decays decreases exponentially with time. One sometimes also defines the activity of a radioactive sample,
defined as (minus) the rate of change of N (t) per unit time,


dN (t)
N0
t
A(t) ≡ −
=
exp −
.
dt
τ
τ

(2.51)

The higher the value of the activity A(t), the faster the radioactive decay process takes place.
The value of the decay constant λ is different for each atomic element and isotope. This provides among
other things a rather useful method to determine the age of objects, the so-called radiocarbon dating method.
This method is based on the fact that one of the isotopes of carbon, 14 C, has a decay constant of a few
thousand years, while the more frequent isotope 12 C is stable. This means that if we know somehow the
initial abundance of 14 C in a given sample, and measure the current abundance, since we know τ we can
determine t from Eq. (2.49). In other words, we can determine in a rather reliable way the age of this specific
sample. The original abundance of 14 C can be determined for instance by comparing with the current one of
12
C, since the ratio between the abundances of the two isotopes in various systems is rather well understood.

Let us illustrate the radiocarbon dating method with an example. The mean-life of the unstable
isotope of Carbon, 14 C, is τ = 8267 years. If we assume that a given sample had the same ratio
14
C/12 C as the one we have now in the atmosphere, we can compute the value N0 of 14 C atoms in
the original sample. By comparing with the current value of 14 C atoms in the sample, N (t), we can
then determine t.
For instance, assume that we find that a sample with only 10% of 14 C atoms as compared to its
original abundance. By applying Eq. (2.49), we have that
0.1 N0 = N0 e−t/(8267 yr)

→

t = 19000 yr ,

(2.52)

illustrating how radioactive dating can be used to determine the age of a given object.
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Summary
We can now recapitulate what we have learned in this lecture about some of the most important principles
and concepts of quantum mechanics. As in the case of those principles that we covered in the previous
lecture, the ideas presented here will be extensively used in the rest of the course, and applied to a wide
variety of different quantum systems.
b built upon the position x
I/ Physical observables Ω are represented by Hermitian operators Ω
b and momentum pb operators, that act on the wave function of a quantum system. Examples of this are the
b and the linear momentum pbx .
total energy H
II/ The correspondence between observables and operators allows one to determine physical properties
from a given quantum state.
III/ By means of the quantum superposition principle, we can always express a general wave function as a
combination of eigenvectors of Schroedinger’s equation,
Ψ(x) =

X

ck Ψk (x) ,

b k (x) = Ek Ψk (x) .
HΨ

(2.53)

n

The same property holds for the eigenvectors of any other Hermitian operator.
IV/ The knowledge of the wave function of a system allows us to evaluate the expectation value hΩi of any
b
observable quantity Ω by computing matrix elements of its associated operator Ω.
V/ The expectation value of a physical observable Ω can be expressed in terms of its eigenvalues and the
coefficients of the wave function expressed as a linear superposition of their eigenvectors.
VI/ Quantum theory plays a central role in the description of radioactive processes, whereby unstable
atomic nuclei radiate particles such as photons, electrons, and He nucleus.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins, De Paula & Keeler, 11th edition):
Chapters in textbook
• 7A.2: Wave-particle duality.
• 7B.1: The Schroedinger equation.
• 7B.2: The Born interpretation of the wave function.
• 7C.1: Operators.
• 7C.2: Superpositions and expectation values.
• 7C.3: The uncertainty principle.
• 7D.1: Free motion in one dimension.
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3

HC3: The quantum mechanics of simple systems

In the previous lectures we have studied the solutions of the Schroedinger equation of the simplest possible
quantum system: the free particle in one dimension. In this lecture, we discuss quantum mechanics applied
to other important systems such as a particle in a confining box and the quantum harmonic oscillator. We
will study some remarkable phenomena that appear in these systems that do hot have an analog in classical
mechanics, such as that the the quantization of energies and the quantum tunneling effect.

The learning goals of this lecture are:
(a) Learn how to solve the Schroedinger equation for simple quantum systems.
(b) Understand that confinement of a quantum particle in space leads to the quantization of its
energy levels and to a non-vanishing energy for the ground state.
(c) Interpret the physical content of the wave-functions from the solutions of the Schroedinger
equation.
(d) Understand and applying the mathematical technique of separation of variables in differential
equations.
(e) Verify that quantum particles can occupy regions of space which are classically forbidden.
(f) Understand and apply the phenomenon of quantum tunneling that arise in the presence of finite
potential barriers.

3.1

The particle in a box and energy quantization

In the HC2, when we solved the Schroedinger equation for a free particle in absence of boundary conditions,
we found that its energy E could take any value. Therefore, for a free particle allowed to move anywhere
in space, its energy levels are continuous: there is no restriction on the values they can take. We now will
see how once the particle is confined into a limited region of space, energy levels become automatically
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b)

Figure 3.1: a) The potential V (x) for the particle in a box system. b) the normalised wave functions for the first
five energy levels of this quantum system. c) The corresponding values of the quantized energies En . The filled blue
band indicates the classically allowed values of the energy.

discretised, or in the quantum jargon, quantized. This is one of the most distinctive features of quantum
theory that make it uniquely different to the classical picture.

By quantization we mean that the values of a given physical observable, such as the energy of a
system, cannot take any continuous value but are instead restricted to a finite set of discrete values.
One then says that the energy of the system is quantized: it can only take one of a finite set of value.
Perhaps the simplest system for which energy quantization arises is for the so-called particle in a box system.
This system is defined by a single particle moving under the effects of a potential of the form
for

0 ≤ x ≤ L,

V (x)

=

0

V (x)

=

+∞ for x < 0

(3.1)

and x > L ,

as illustrated in Fig. 3.3a. In other words, the particle undergoes free motion in the region 0 ≤ x ≤ L,
but cannot move outside this range because it is confined by the infinite potential barrier Eq. (3.1) (since
the particle would need an infinite energy to overcome that potential barrier). Recall that, as discussed
in HC1, in the presence of infinite potentials the wave function is still continuous but its derivate can be
discontinuous.
Inside the region limited by the confining potential, 0 ≤ x ≤ L, the solution of Schroedinger’s equation
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will be the same as for a free particle (since the potential vanishes there) and thus we have
Ψk (x) = Aeikx + B −ikx = (A + B) cos(kx) + (A − B)i sin(kx) ≡ D cos(kx) + C sin(kx) ,

(3.2)

where we have expanded the exponentials using eix = cos(x) + i sin(x) and then redefined the (arbitrary)
integration coefficients for reason that will become apparent below. For the time being, k is a real constant
that can take any value: we know that for a free particle the energies are not quantized.
Since in the region outside the box, x > L and x < 0, we have that V (x) = ∞, the particle cannot travel
to this region: it would require an infinite energy! This implies that the wave-function will be zero in that
region: Ψ(x) = 0 for x > L and x < 0. This means that there is a zero probability of finding the particle in
the region outside the box.

Classically, a particle cannot occupy a region with potential V (x) unless E ≥ V (x). The reason
is that the total energy E is the sum of the kinetic T and potential V energies, E = T + V , and
T is positive definite. However, in quantum theory this restriction does not hold, and particle with
E < V (x) can still occupy this region. As we will see below, however the probability that this happens
is exponentially suppressed. The exception is when V (x) = ∞, in this case no matter the value of E
no particle can occupy this region of x.
From these considerations, it follows that, since as discussed in Sect. 1.2 the wave function is continuous,
we have that the following boundary conditions must be satisfied:
Ψk (x = 0) = 0 ,

Ψk (x = L) = 0 .

(3.3)

Therefore, the continuity requirement of the wave function leads to boundary conditions that can be used
to fix the values of the integration constants that appear in Eq. (3.2):
Ψk (x = 0) = D → D = 0 ,

Ψk (x = L) = C sin(kL) = 0 → k =

nπ
,
L

(3.4)

where n is an arbitrary integer number. The value of the overall coefficient C can be determined from
requiring the normalization of the wave-function:
Z

∞
2

dx |Ψk (x)| = C

1=
−∞

2

Z

r

L
2

dx sin (nπx/L) → C =
0

2
.
L

(3.5)

b n (x) = −(~2 /2m)d2 /dx2 Ψn (x) = En Ψn (x), we find that:
Combining these results, and recalling that HΨ
for a free particle confined to a box, the quantum wave-functions and energies are given by
r
Ψn (x) =

 nπx 
2
sin
,
L
L

En =

~2 π 2 n 2
.
2mL2

(3.6)

Therefore, we now find that the energies of the particle are quantized (can only take a discrete set
of values) and labeled by an integer number n. This can be compared to the case of the unbounded
free-particle, where there were no such restrictions on the values that E could take.
In Fig. 3.3b we show the normalised wave functions for the first five energy levels of this quantum system,
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and in Fig. 3.3c the corresponding values of the quantized energies En , where the filled blue band indicates
the classically allowed values of the energy.
A further interesting finding of this analysis is that the lowest energy that a particle can have in this
system is not zero, but rather
Emin = E1 = ~2 π 2 /2mL2 6= 0 ,
(3.7)
since n = 0 is not a valid quantum state since the wave function Ψ0 (x) = 0 everywhere. This is known as the
zero-point energy, and is a consequence of the fact that a quantum particle in a confining potential cannot
be completely at rest. Indeed, if the particle was at rest (vanishing kinetic energy), we would then know
its momentum with arbitrary precision (if px = 0 then ∆px = 0), contradicting Heisenberg’s uncertainty
principle: we have some information about the position of the particle, namely that it will be found between
x = 0 and x = L.

The qualitative results found from the particle in a box system are fully general and apply to other
systems: in quantum mechanics, energy quantization arises from the wave nature of the wave-function
in the presence of boundary conditions, including periodic ones.
Let us now evaluate the expectation value of the linear momentum px for this system. As we have
shown, the wave-function that solves the Schroedinger equation accounting for the boundary conditions of
the system is given by
r
 πnx 
2
sin
,
(3.8)
Ψn (x) =
L
L
and if we compute the expectation value of px using Eq. (2.39) we find that
hpx i =

2
L

Z

L

dx sin
0

 πnx  2~nπ Z L
 πnx 
 πnx   ~ d 
 πnx 
sin
=
cos
= 0,
sin
L
i dx
L
iL2 0
L
L

since the integral vanishes for any value of n, as can be checked using trigonometric identities:
Z
1
dx sin(ax) cos(ax) =
sin2 (ax) .
2a

(3.9)

(3.10)

So therefore we find that the expectation value of the momentum for the particle in a box is hpx i = 0. This
result can be understood if we expand the solution Eq. (3.8) in terms of exponentials:
r
Ψn (x) =

 πnx 
2
sin
=
L
L

r


1 1  iπnx/L
e
− e−iπnx/L ,
2L i

(3.11)

which correspond to the superposition (with equal amplitude) of a plane wave moving in the positive direction with momentum px = ~πn/L and another moving in the opposite direction with px = −~πn/L, hence
when averaging the two components of the wave-function, they cancel among them leading to hpx i = 0.
Finally, we note that in the n → ∞ limit, the energies of the particle become effectively continuous, as
expected in classical physics. This is the realization of the so-called correspondence principle of quantum
theory: for large values of the quantum numbers, the behaviour of the quantum theory becomes effectively
classical.
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Particle in a two-dimensional box

The next system that we will consider is similar than the previous one, but now the box has two dimensions
in space, which we will denote by x and y. Therefore, the confining 2D potential of this system will take the
following form:
for

0 ≤ x ≤ Lx

V (x, y)

=

0

V (x, y)

=

+∞ for y < 0 ,

and

0 ≤ y ≤ Ly ,

y > Ly ,

x < 0,

(3.12)
x > Lx ,

where we allowed the dimensions of the box to be different, LX 6= LY . Inside the box, the Schroedinger
equation is the same as that of the free particle of the previous example but now in two dimensions, namely:
−

~2
2m



∂2
∂2
+ 2
2
∂x
∂y


Ψ(x, y) = EΨ(x, y) ,

(3.13)

where note that now the wave-function depends on two variables, x and y, and thus the derivatives that
appear are partial derivatives rather than total derivatives.
To solve this differential equation, we need to adopt the method of separation of variables. In this
method, one assumes that the full wave-function Ψ(x, y) can be expressed as a product of two functions,
each depending separately on x and y only, that is, one tries a solution of the form:
Ψ(x, y) = ΨX (x)ΨY (y) .

(3.14)

If we plug this ansatz on the two-dimensional Schroedinger equation, Eq. (3.13), we obtain the following
expression
 2 
 2 
~2
∂
∂
~2
−
ΨY (y)
Ψ
(x)
Ψ
(x)
−
ΨY (y) = EΨX (x)ΨY (y) ,
(3.15)
X
X
2
2m
∂x
2m
∂y 2
and now, if we divide each side of the equation by Ψ(x, y), we find that
1
~2
−
2m ΨX (x)



∂2
∂x2



~2
1
ΨX (x) −
2m ΨY (y)



∂2
∂y 2


ΨY (y) = E .

(3.16)

In Eq. (3.16), the right-hand side (RHS) is independent of both x and y, and in the left-hand side (LHS)
we have the sum of two pieces, the first one depending only on x and the second one depending only on y.
Therefore, the only way the equation can be true is if each piece is separately equal to a constant. If these
two constants are denoted respectively by EX and EY respectively, we find
~2
1
−
2m ΨX (x)



~2
1
−
2m ΨY (y)



∂2
∂x2



∂2
∂y 2



ΨX (x) = EX ,

(3.17)

ΨY (y) = EY ,

(3.18)

which are of course nothing but two separate Schroedinger equations, one for the x component of the wave
function, ΨX (x), and another for the y component of the wave function, ΨY (y). The total energy of the
system is then E = EX + EY , which justifies our choice of notation for the integration constants.
From the discussion above, we see that the solution of the Schroedinger equation for a particle in a 2D
box will be given by the product of solutions to the same equation in a 1D box. That is, we will have that
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the x- and y-components of the wave functions are
r
Ψx (x) =
s
Ψy (y) =

2
sin
Lx



2
sin
Ly



nx πx
Lx



ny πy
Ly



,

(3.19)

,

(3.20)

and thus the quantum state of the system is now being defined by two independent integer numbers (nx , ny )
(the two quantum numbers of the system), and therefore the total wave-function is
s
Ψ(x, y) = Ψx (x)Ψx (y) =

4
sin
Lx Ly



nx πx
Lx




sin

ny πy
Ly


.

(3.21)

The total energy of a given quantum state of the system will be specified by the quantum numbers of this
state, nx and ny , and thus if we take into account the result for the one-dimensional case, Eq. (3.6), we have
that
!
n2y
~2 n2x
+ 2 .
(3.22)
Enx ,ny =
2m L2x
Ly
Note that in the limit in which Lx = Ly = L there will be a degeneracy of quantum states, meaning that
different quantum states, defined by different pairs of quantum numbers (nx , ny ) will have associated the
same total energy. In this limit indeed the total energy becomes
Enx ,ny

h2
=
8π 2 m

n2x + n2y
L2

!
,

(3.23)

so for example the quantum state (nx = 1, ny = 2) will correspond to a state with the same energy as that
with (nx = 2, ny = 1). Degeneracy is a generic property of quantum systems: in general, many different
states can have associated the same total energy.

3.3

The quantum harmonic oscillator

In classical physics, when we have a particle with total energy E moving inside a conservative potential V (x),
the particle will confined to the region defined by E ≥ V (x). Indeed, from energy conservation we have that
the sum
1
(3.24)
E = T + V (x) = mv 2 + V (x) ,
2
where T is the particle’s kinetic energy, is a constant of motion and must hold for all values of x. Therefore,
we have that
2
v2 =
(E − V (x))
(3.25)
m
can only be satisfied if E ≥ V (x), else the velocity would be an unphysical complex number. Therefore, the
particle cannot move in the region of x for which V (x) > E: we know that this region is classically forbidden.
However, in quantum physics this is not necessarily the case: a particle can occupy a region of space x where
E < V (x). This phenomenon is known as quantum tunneling and again has no classical counterpart. As
we will see, such particle will have a exponentially suppressed probability of being found in the classically
forbidden region.
Here we will study a extremely important quantum system, the quantum harmonic oscillator, which
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exhibits explicitly this tunneling behaviour. In classical mechanics, an harmonic oscillator is defined as
particle moving under the effects of a quadratic potential, that is, a potential V (x) of the form
V (x) =

1 2
κx ,
2

(3.26)

where κ is known as the spring constant or Hooke’s constant. Though physically this potential is usually
associated to a system based on a frictionless body attached to a flexible spring, the form Eq. (3.26) is fully
general and applies to many other potentials. In particular, any potential can be approximated by Eq. (3.26)
in the region near local minima (as can be seen by doing a Taylor expansion), so harmonic oscillators are
ubiquitous in quantum mechanics.
The harmonic potential Eq. (3.26) vanishes at x = 0, the equilibrium position of the particle. Note that
this potential is confining, since it increases quadratically as |x| increases, and thus a particle in this potential
would never be able to completely escape from it, no matter how large its energy is. From this potential, at
the classical level we can compute the force that the particle will experience, namely
F =−

dV (x)
= −κx ,
dx

(3.27)

which is known as Hooke’s law: in an harmonic oscillator (or in general, for a quadratic potential) the force
is attractive and proportional to the deviation with respect to the equilibrium position.
Let us now study the behaviour of a quantum particle under the effects of the potential Eq. (3.26), that
is, a quantum harmonic oscillator. The Schroedinger equation associated to this system will now be:
−

~2 d2 Ψ 1 2
+ κx Ψ = EΨ .
2m dx2
2

(3.28)

Solving this equation is beyond the scope of this course, though for completeness let me show here the
explicit form of the solutions for the wave function:
Ψn (x) = √

1  mω 1/4 −mωx2 /2~
e
Hn
2n n! π~

r


mω
x ,
~

(3.29)

where Hn (x) are as special family of orthogonal polynomials known as Hermite polynomials, and we have
p
defined the frequency of the oscillator as ω ≡ κ/m, in analogy with the classical treatment. The solutions
of Eq. (3.28) are labeled by the quantum number n, which takes only integer values n = 0, 1, 2, 3, . . ..
As a consequence of the potential barrier that confines the particle, the energies of the quantum harmonic
oscillator are quantized, and it is possible to show that they are given by


1
En = ~ω n +
.
2

(3.30)

There are two important consequences of this result. First of all, we note that the difference in energy
between two adjacent quantum levels n and n + 1 is constant, that is
En+1 − En = ~ω ,

(3.31)

independently of the value of n. Secondly we find that, in the same way as for the particle confined in a box,
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the energy of the ground state (that is, the vacuum) of the system, the eigenfunction with the smallest
associated energy, is different from zero. Indeed we find that for n = 0 we get
E0 =

1
~ω ,
2

(3.32)

which is known as the zero-point energy of a quantum harmonic oscillator.
This is a direct consequence of Heisenberg’s uncertainty principle: if the energy and momentum were
zero, the particle would be at rest, and we would know px with arbitrary precision and thus ∆px = 0. But
then the indetermination on its position x would be maximal, as in the free particle case, and this is not
possible due to the confining harmonic potential.
For small values of n, the Hermite polynomials that appear in the quantum wave-function Eq. (3.29)
take relatively simple forms, and we list the first few of those:
H0 (y)

=

1,

H1 (y)

=

2y ,

H2 (y)

=

4y 2 − 2 ,

H3 (y)

=

(3.33)

3

8y − 12y ,

and so on. Therefore, for the ground state of the system, n = 0, the wave-function is
Ψ0 (x) =

 mω 1/4
π~

2

e−mωx

/2~

,

(3.34)

which is known as a Gaussian function. It is easy to check explicitly that these wave-function is correctly
normalized (as is the case for other values of n), by verifying that
Z

∞

dx |Ψ0 (x)|2 = 1 .

(3.35)

To show this, first one should make the change of variable y ≡
Gaussian integral that
Z ∞
√
2
dx e−x = π .

p
mω/~x and then use the result for the

−∞

(3.36)

−∞

It is interesting to compare the probability densities for the position x for the first two energy levels,
namely |Ψ0 (x)|2 with |Ψ1 (x)|2 , where
r
√  mω 1/4 mω
2
Ψ1 (x) = 2
x e−mωx /2~ ,
π~
~

(3.37)

This comparison is shown in Fig. 3.2, where we show the wave-function Ψn (x) and its square |Ψn (x)|2 (which
remember represents the probability density for the position x) in the quantum harmonic oscillator for the
first two eigenstates, n = 0 (left plot) and n = 1 (right plot).
We observe that while for n = 0 (the ground state) the maximum of the probability density |Ψ|2 is found
for x = 0 (the classical equilibrium position), for n = 1 (the first excited state) it is rather more likely to
find the particle far from the equilibrium position. This property holds for other excited states: the higher
the value of n, the more likely is to find the particle far from x = 0. This behaviour is consistent with the
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Figure 3.2: The wave-function Ψn (x) and its square |Ψn (x)|2 (which represents the probability density for the
position x) in the quantum harmonic oscillator for the first two eigenstates, n = 0 (left plot) and n = 1 (right plot).
We observe that while for n = 1 (the ground state) the maximum probability |Ψ|2 is found for x = 0, for the excited
state n = 1 it is rather more likely to find the particle far from the equilibrium position.

classical theory, where the harmonic oscillator spends more time in the turning points than in the equilibrium
point because its velocity is the smallest in the former positions.
The exponential suppression in the wave function of the quantum harmonic oscillator, Eq. (3.29) implies
that it goes to zero for x → ±∞, no matter the value of n (that is, of how energetic is the particle). This
is because the particle has a oscillatory behaviour in the region E > V (x), but then decays exponentially in
the classically forbidden region E < V (x), which is eventually reached no matter how large is E (because of
the form of the potential).

In classically forbidden regions, where E < V (x), the wave function is always exponentially sup2
pressed, for example with a behaviour of the form Ψ(x) ∝ e−Ax or Ψ(x) ∝ e−Ax .
To gain intuition on the behaviour of quantum systems, it is always useful to plot graphically the wave
functions and the associated probability distributions. In plotting a function f (x), it is always useful to
consider (i) which are the zeros of this function, f (x), (ii) which are the local maxima and minima of this
function, df (x)/dx = 0, and (iii) what are the asymptotic limits when x → ∞. Let us consider as an example
the first excited state of the harmonic oscillator, and for simplicity set mω/~ = 1, so that we wave function
and the associated probability density read (ignoring overall constants):
Ψ1 (x) = xe−x

2

/2

,

2

P1 (x) = x2 e−x .

(3.38)

Note that in these units while the potential is proportional to V (x) ∝ x2 /2 and the energy to E1 ∝ 3/2.
We show in Fig. 3.3 the wave function Ψ1 (x) and the associated probability density P1 (x) = |Ψ1 (x)|2 for
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Classically Forbidden:
Exponential Suppression

Figure 3.3: The wave function Ψ1 (x) and the associated probability density P1 (x) = |Ψ1 (x)|2 for the n = 1 level of
the quantum harmonic oscillator. We also show (in suitably rescaled units) the potential V (x) and the energy E1 . In
the classically allowed region both Ψ1 (x) and P1 (x) exhibit an oscillatory behaviour, but in the classically forbidden
region instead one observes an exponential suppression.

the n = 1 level of the quantum harmonic oscillator. We also show (in suitably rescaled units) the potential
V (x) and the energy E1 . One can see that in the classically allowed region both Ψ1 (x) and P1 (x) exhibit an
oscillatory behaviour, but in the classically forbidden region instead one observes an exponential suppression.
Properties of the quantum harmonic oscillator. Since we have the wave-functions for all values of n,
Eq. (3.29), we know that we have a complete knowledge of this quantum system, and thus we can compute
the expectation values of arbitrary physical observables. First of all, we can show that the expectation value
of the position x of the harmonic oscillator is, for any value of the quantum number n,
hxi = 0 ,

(3.39)

in other words, the particle has a symmetric distribution of positions around the classical equilibrium position
x = 0. This can be easily shown by noting that
Z

∞

hxi =

2

Z

∞

dx x |Ψ(x)| ∼
−∞

dx x e
−∞

−mωx2 /~


r
2
mω
Hn
x
= 0,
~

(3.40)

since the integrand is an odd function, f (x) = f (−x), and the integration range is symmetrical. To see this,
note that Hn (−x) = ±Hn (x) for any values of n.
Having established that in the quantum harmonic oscillator the particle can be found with equal probability at the right and at the left of the equilibrium position, it is perhaps more interesting to now compute
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its mean square displacement, given by


1
~
p
= n+
.
2
mkf

2

x

(3.41)

Therefore, the standard deviation of the position x is
∆x ≡

q

hx2 i

2

s

− hxi =

1
n+
2



~
(mkf )1/2

(3.42)

√
which for large values of n grows like ∆x ∼ n: the likelihood of finding the particle at a greater distance
from x = 0 increases as the square root of the quantum number n, despite the fact that on average the
expectation value will still be hxi = 0. These results are consistent with the previous discussion above,
based on the behaviour of the wave functions Ψn . From Heisenberg’s uncertainty principle, Eq. (1.32) we
can determine the standard deviation associated to measurements of the linear momentum of the quantum
harmonic oscillator in this limit,
~
~
∼ 1/2 ,
(3.43)
∆px ∼
∆x
n
so the higher the value of n, the better the momentum of the harmonic oscillator can be predicted (in the
correspondence limit, we recover the classical expectation that px can be determined with vanishingly small
uncertainty.)
There are other properties of this quantum system that are useful to compute. The expectation value of
the potential energy is given by
hV i =

1
1
kf x2 =
2
2


n+

1
2

  1/2


kf
1
1
~
=
n+
~ω ,
m
2
2

(3.44)

where we have used the fact that the expectation value of an operator is linear, and the result for x2
just computed above. Therefore, given that the complete energy of the quantum harmonic oscillator was
Eq. (3.30), we find that hV i = En /2, and thus for the kinetic energy hEk i = En /2. So in the quantum
harmonic oscillator, the energy is equally shared between kinetic and potential, for any value of n. This is
actually a consequence of a deep principle called the equipartition theorem. In other words, we have that for
this quantum system
1
1
hEi = hEk i + hV i = hEi + hEi .
(3.45)
2
2
so on average half the total energy corresponds to the kinetic energy and the other half to the potential
energy.

3.4

Quantum tunneling

As has been discussed in the case of the quantum harmonic oscillator, in quantum theory particles have
small but finite probabilities of being found in classically forbidden regions with E ≤ V (x). This has the
remarkable consequence that particles can cross potential barriers in a way that is not possible classically.
In Newton’s mechanics, if a particle with energy E encounters a potential barrier with V > E it will be
completely deflected. However in quantum theory there is a finite possibility that the particle will be able
to jump to the other side of the barrier.
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Figure 3.4: Schematic representation of the quantum tunneling effect: the wave-function of a particle with kinetic
energy Ek is non-zero inside a barrier with potential energy V > Ek , and therefore has a finite probability (non-zero
wave-function) to be found at the other side of the barrier. Note that the probability of finding the particle at the
right side of the barrier is exponentially suppressed.

This remarkable phenomenon, the quantum tunneling effect, and is schematically represented in
Fig. 3.4, where we show how the wave function of a particle is non-zero even in the classically
forbidden region with V > Ek , and thus leads to a finite probability of finding the particle at the
right of the potential barrier.
The quantum tunneling effect is a direct consequence of the wave-like nature of the wave function. We
can now quantify and compute explicitly the value of the wave-function inside and on the other side of the
potential barrier. As indicated in Fig. 3.4, at the left of the barrier we have V = 0, and thus the solution of
the Schroedinger equation there is the usual free-particle solution, namely
Φk (x) = Aeikx + Be−ikx ,
where the kinetic energy is Ek = ~2 k 2 /2m and thus the linear momentum is px = k~ =
region inside the barrier, the Schroedinger equation is instead given by:
−

~2 d2 Ψ
+ V Ψ = Ek Ψ ,
2m dx2

with V ≥ Ek .

(3.46)
√

2mEk . In the

(3.47)

Note that here I have identified the total energy of the particle E with the kinetic energy at the left side
of the barrier, E = Ek , in order to energy conservation to be satisfied. Moreover, since the potential V is
constant, this equation can be rewritten as
−

~2 d2 Ψ
= −(V − Ek )Ψ ,
2m dx2

(3.48)
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e = −(V − Ek ). Using
which has the form of a free-particle equation, but this time with a negative energy, E
the same method as solution as for a free particle, we get that the wave-function inside the barrier is now
Ψ = C eκx + D e−κx ,

κ≡

p
2m (V − Ek )/~ ≥ 0 ,

(3.49)

which as an exponential solution, rather than the oscillatory solution of the free particle equation. Therefore,
the wave-function is non-zero inside the barrier, despite V > Ek and thus of being forbidden in classical
physics: it was a finite probability of being found in the classically forbidden region.
Finally, in the region right to the barrier, we have again a free-particle solution for a particle moving in
the positive x direction, that is
p
Ψ = A0 eikx , k = 2mEk /~ ,
(3.50)
with equal momentum and energy as in the left side of the barrier due to the principle of energy conservation.
In order to determine the values of the five integration constants introduced above, A, B, C, D, A0 , we need
exploit two properties of the wave-function: it is continuous everywhere, and its derivative is also continuous
for any value of x in the presence of finite potentials.1 If we label as x = 0 and x = L the start and end
points of the potential barrier, continuity of the wave-function there implies that
A+B
0

CeκL + De−κ L

= C +D,
=

(3.51)

A0 eikL ,

while the continuity of the first derivative of the wave-function at the same endpoints implies that
ikA − ikB
κL

κCe

−κL

− κDe

= κC − κD ,
0 ikL

= ikA e

(3.52)

.

Note that we have five unknowns and four equations, and therefore we can express four of these unknowns in
terms of a single integration constant, say A, that can then be fixed from the overall normalisation condition.
Transmission and reflection coefficients. As we saw in the free-particle case, for the solution in the left
side of the barrier, Eq. (3.46) we could make the interpretation that the Aeikx component of the wave function
can be associated with the incident wave (since its momentum was px = +~k), while the Be−ikx instead
would be the reflected wave (with momentum px = −~k pointing in the negative x direction). Therefore,
we can define a ratio T = A0 /A which physically can be interpreted as the ratio of the amplitude of the
transmitted wave over the incident wave, see Fig. 3.5. This transmission coefficient T can be computed using
the values of the integration coefficients B, C, D, A0 obtained as explained above, resulting in the following
expression:
2 !−1
eκL − e−κL
T (κL, ) = 1 +
,  ≡ E/V ,
(3.53)
16(1 − )
and where κ has been defined in Eq. (3.49). The transmission amplitude T has a number of important
limiting cases. When taking the various limits, note that κ depends implicitly on  as well, since
κ~ =

p

2m(V − Ek ) =

√
2mV

√

1 − .

(3.54)

With this caveat, it is possible to derive the following important properties of the transmission amplitude T :
1 The

first derivative of the wave function can be discontinuous in the case of infinite potential wells.
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Figure 3.5: The physical interpretation of the quantum tunneling effect: an incident wave Aeikx left to the barrier
is partially transmitted to the other side of the barrier with wave function A0 = eikx and partially reflected, with
momentum in the opposite direction as compared to the incident wave, Be−ikx . The ratio T = A0 /A of the transmitted
over the incident amplitude is known as the transmission coefficient.

• In the limit L → 0 for fixed κ, then the transmission coefficient T → 1.
This limit corresponds either to very short barriers L. In this two cases, it makes sense physically that
the probability of tunneling becomes very high (and the amplitude of the reflected way conversely very
small).
• In the limit κ → 0 ( → 1) for fixed L, then the transmission coefficient goes to
T →


−1
mV L2
1+
,
~

(3.55)

so it does not tend to one even if Ek <
∼ V (only in the case of very short barriers L → 0 then T → 1).
• For Ek  V , or what is the same  → 0, we find that T → 0.
This can be physically understood from the fact that for a steep enough barrier, eventually the probability of transmission will become vanishingly small, in agreement with the classical expectation.
• As Ek → V ( → 1), the value of the transmission amplitude increases monotonically, until the limiting
value Eq. (3.55) is achieved.
• in the limit κL  1 the transmission amplitude Eq. (3.53) becomes
T ' 16(1 − )e−2κL .

(3.56)

This limit corresponds to either very steep (κ → ∞) or very long (L → ∞) barriers, or the two
at the same time. In this case we intuitively expect that the transmission probability will be small,
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and what √
Eq. (3.56) indeed shows is that T is exponentially small in this limit. We also note that
−2L 2mV /~
T ∼ e
, and thus that lighter particles will have a higher probability of tunneling that
heavier particles.
The fact that the transmission coefficient Eq. (3.53) is different from zero is a striking deviation of
quantum theory with respect to classical physics. The quantum tunneling effect indicates that for instance a
naive particle picture of electrons or other quantum particles is far from adequate to describe the phenomena
of the microcosm.
To conclude this discussion of the tunneling effect, recall that in HC2 we mentioned the correspondence
principle of quantum theory, namely that in the appropriate limits the quantum behaviour should become
effectively classical. In the case of the quantum tunneling effect, since we have that
κ=

1p
2m(V − Ek ) ,
~

(3.57)

we find that, for fixed values of V and Ek , if κ → ∞ then from Eq. (3.53) we see that T → 0. This limit
can be realized if
p
(3.58)
~  2m(V − Ek ) .
Therefore, in this limit (where Planck’s constant can be set to zero) we find that the tunneling probability
goes to zero and this recover the classically expected behaviour.

Summary
To summarize, some of the important concepts that we have learned in this lecture are the following:
• The boundary conditions on the wave-function induced by a confining potential lead to the quantization
of the allowed energy levels.
• This energy quantization is a generic property of quantum systems in the presence of boundary conditions, as shown also in other systems such as the particle in a box with finite barriers and the quantum
harmonic oscillator.
• In several quantum systems, the energy of the ground state is different to zero, unlike in classical
physics. We denote this effect as the zero-point energy, and it is a direct consequence of Heisenberg’s
uncertainty principle.
• Quantum particles have a non-zero probability of being measured within classically forbidden regions,
and to tunnel potential barriers even when their kinetic energy is smaller than the energy of the barrier.
This probability will however be very small, since it is exponentially suppressed.
• In some circumstances, quantum states can be degenerate, meaning that different states, characterized
by different quantum numbers, can have associated the same total energy.
• In the correspondence limit, usually associated to high values of the quantum numbers of the system,
quantum theory predictions should reproduce their classical counterparts.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections
of the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
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Chapters in textbook
– 7D.2: Confined motion in one dimension.
– 7D.3 Confined motion in two or more dimensions.
– 7D.4: Tunneling.
– 7E.1: The harmonic oscillator.
– 7E.2: The properties of oscillators
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4

HC4: Rotational motion in quantum mechanics

In this lecture, we discuss the quantum mechanics of systems characterised by rotational symmetry. In
particular, we solve the Schroedinger equation for particles confined to a ring and to the surface of a sphere.
We show how adopting a different coordinate system than Cartesian coordinates simplifies dramatically the
solution of these problems. We also study the role that angular momentum plays for this systems. These
systems are important in order to understand the quantum mechanics of the hydrogen atom as well as more
complex atoms and molecules, as will be discussed in the following lectures.

The learning goals of this lecture are the following:
(a) Become familiar with the concept of angular momentum in classical mechanics.
(b) Demonstrate the quantization of both the total angular momentum and of its individual components in systems characterised by rotational symmetry.
(c) Solve Schroedinger’s equation for a free particle in a ring.
(d) Solve Schroedinger’s equation for a free particle in a sphere.

Introduction. Quantum systems characterised by rotational symmetry are of great importance for the
study of the physics of atoms and molecules. The obvious example is the hydrogen atom, a system composed
by a proton and an electron bound together by the electrical force: since the Coulomb force depends only
on the modulus of the separation ~r between the electron and the proton
FC = −k

Qe Qp
|~r|2

(4.1)

then the system is characterised by an invariance under rotations that determines many of its most important
properties, such as which specific quantum states are allowed.
With this motivation, both in this chapter and in the following ones we will study the implications of
quantum mechanics for systems exhibiting rotational symmetry, both in two and in three spatial dimensions.
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For these systems the use of Cartesian coordinates is not practical, so first of all we will have to introduce
more suitable coordinate systems that fully exploit the benefits of rotational symmetry.

4.1

Polar and spherical coordinates

The solution of Schroedinger’s equation in systems that exhibit rotational symmetry is greatly facilitated
by using polar or spherical coordinates rather than Cartesian coordinates. The use of spherical coordinates
makes also more transparent the physical interpretation of the corresponding results. With this motivation,
we begin this lecture with a review of polar and spherical coordinates.
Polar coordinates. Let us start with polar coordinates, that are relevant for problems where the particles
in the system are confined to the two-dimensional (x, y) plane. As illustrated in Fig. 4.2 (left), a point in
the two-dimensional (x, y) plane can be represented in terms of its distance from the coordinate origin, r,
and the angle with the x-axis, ϕ. The explicit expression for the coordinate transformation between polar
and Cartesian coordinates is given by
x =

r cos ϕ ,

y

r sin ϕ ,

=

(4.2)

where the radius r satisfies x2 + y 2 = r2 , and where the polar angle is restricted to the range 0 ≤ ϕ < 2π.
The inverse coordinate transformation is given by
r

=

ϕ =

p

x2 + y 2 ,
y
arctan
,
x

(4.3)

for ϕ lying in the first quadrant.
When computing transformations between Cartesian and spherical coordinates, it is useful to know the
Jacobian matrix of the transformation, namely the set of partial derivatives between one set of coordinates
with respect to the others. In this case, the Jacobian matrix is given by the following:
∂r
∂x

=

∂r
∂y

=

∂ϕ
∂y
∂ϕ
∂y

=
=

∂ p 2
x
x
x + y2 = p
= = cos ϕ ,
2
2
∂x
r
x +y
p
y
y
∂
x2 + y 2 = p
= = sin ϕ ,
2
2
∂y
r
x +y
∂
y
1
y
sin ϕ
arctan
,
=
(−y/x2 ) = − 2 = −
2
2
∂x
x
1 + y /x
r
r
∂
y
1
x
cos ϕ
arctan
,
=
(1/x) = 2 =
∂y
x
1 + y 2 /x2
r
r

(4.4)

which can be used when doing the conversion between the two sets of coordinates, as will be illustrated
below.
Spherical coordinates. Analogously to the definition of polar coordinates, for a particle moving in the
three-dimensional space (x, y, z), one can define spherical coordinates as represented schematically in Fig. 4.2.
In addition to r and ϕ (which in this context is referred to as the azimuthal angle) we now have a second angle
called the polar angle θ. The equations for the coordinate transformation between Cartesian and spherical
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Spherical coordinates

Figure 4.1: Left: in two dimensions, a point in the (x, y) plane can be represented by the polar coordinates (r, ϕ).
Right: in three-dimensions, a point in the (x, y, z) space can be represented by the spherical coordinates (r, θ, ϕ). See
text for more details.

coordinates in three dimensions are given by
x = r sin θ cos ϕ ,
y

= r sin θ sin ϕ ,

z

= r cos θ ,

(4.5)

where analogously to the case of polar coordinates we have the relation r2 = x2 + y 2 + z 2 . The spherical
coordinates have the following ranges:
0 ≤ r ≤ ∞,

0 ≤ θ ≤ π,

0 ≤ ϕ ≤ 2π .

(4.6)

The inverse transformation, namely from Cartesian coordinates to spherical coordinates, takes the form
r
θ

=

p

x2 + y 2 + z 2 ,

=

arccos

ϕ =

arctan

z
p

x2 + y 2 + z 2

!
= arccos

z 
r

,

(4.7)

y
.
x

The usefulness of spherical coordinates for problems with rotational symmetry, as we will see, stems for the
simplification of the corresponding Schroedinger equation when using variables that reflect the underlying
symmetries of the problem. In particular, the three-dimensional Schroedinger equation for a system with
rotational symmetry can be separated as a modified one-dimensional equation for the radial coordinate r and
a universal differential equation for the angular variables θ and ϕ, as we will show shortly.
We can now use the equations of the polar and spherical coordinates to solve Schroedinger’s equation
for two important quantum systems: a particle that is confined to move in a ring, and a particle which is
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confined to move in the surface of a sphere.

4.2

Quantum mechanics of a particle in a ring

In HC3, we have applied Schroedinger’s equation to determine the wave function Ψ(x) of a variety of quantum
systems. In particular, we considered the quantum mechanics of a particle confined in a box. There we found
that the quantization of both the particle energy and of the allowed wave functions was a direct consequence
of the boundary conditions required at the walls of the box due to the infinite potential barrier present.
Now we move to consider another quantum system of great importance for the understanding of the
behaviour of atoms and molecules, namely the quantum mechanics of a particle undergoing rotational motion.
We will start with the two-dimensional case (particle in a ring) and then move to the three-dimensional case
(particle confined in the surface of the sphere). As we will see, also for these systems both the energy and
the allowed wave functions are quantized. Here the underlying reason for the quantization will be not the
presence of an infinite potential barrier, but rather the periodic boundary conditions that the wave function
should satisfy due to the rotational symmetry.
Classical description and angular momentum. Let us first review the classical system. We consider
here a particle following circular motion with a fixed radius R. As you have seen in the Mechanics course,
the angular momentum associated to the motion of this particle is given by
J~ = ~r × p~ ,

(4.8)

where p~ = m~v is the linear momentum, m is the mass, and ~r is the position vector with respect the origin
of coordinates. In this equation, × stands for the cross-product between two vectors ~v1 and ~v2 , defined for
a three-dimensional vector space as
~v1 × ~v2 = (|~v1 ||~v2 | sin θ) ~n = (v1,y v2,z − v1,z v2,y ) î + (v1,z v2,x − v1,x v2,z ) ĵ + (v1,x v2,y − v1,y v2,x ) k̂ ,

(4.9)

where θ is the angle between the two vectors in the plane that contains them, ~n is a unit vector perpendicular
to the same plane, and î, ĵ, k̂ are the unit vectors in the x, y, and z directions respectively.

The angular momentum J~ of a particle undergoing a circular motion will be perpendicular both to
the position vector ~r and the linear momentum p~, as illustrated in Fig. 4.2. For example, in the case
of circular motion in the (x, y) plane, the angular momentum points in the z direction, J~ = (0, 0, Jz )
where Jz = ±R|~
p| and R is the radius of the circular motion. The sign of Jz depends on whether the
circular motion is clockwise or counterclockwise.
In classical mechanics, the kinetic energy for a particle undergoing circular motion is given by
Ekin =

J2
J2
=
,
2
2mR
2I

(4.10)

~ This can be compared with the kinetic energy for a
with I = mR2 is the moment of inertia and J ≡ |J|.
particle undergoing linear motion, where we have the usual expression of
Ekin =

1
p2
mv 2 =
.
2
2m

(4.11)
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Figure 4.2: The angular momentum J~ of a particle undergoing a circular motion in the (x, y) plane is perpendicular
both to the position vector ~r and the linear momentum p
~, and therefore it points into the z direction, J~ = (0, 0, Jz ).

Note that of course the two expressions are equivalent for circular motion, where J = Rp and therefore
Eq. (4.10) reads Ekin = J 2 /2I = R2 p2 /2mR2 = p2 /2m.
Note that in the classical case both the kinetic energy E and the total angular momentum J~ of the
particle in a ring can take any values. As we will see now, this is not true in the quantum case where both
physical quantities will be quantised. Similarly as the case of a particle in a box, this quantization will arise
once we impose boundary conditions on the quantum wave function of the system.
Quantum description. Let us now study the particle in a ring from the point of view of quantum
mechanics. For a particle moving in the (x, y) plane, the time-independent Schroedinger’s equation reads
b
HΨ(x,
y) = EΨ(x, y) ,

(4.12)

where the Hamiltonian operator for a free particle in two dimensions is given by
2
b =−~
H
2m



∂2
∂2
+
∂x2
∂y 2


.

(4.13)

In order to exploit the rotational symmetry of the system, we will perform a coordinate transformation from
Cartesian to polar coordinates, Eq. (4.2). In polar coordinates, it can be shown that the Hamiltonian will
be given by
∂2
∂2
∂2
1 ∂
1 ∂2
+
=
+
+
,
(4.14)
∂x2
∂y 2
∂r2
r ∂r r2 ∂ϕ2
and therefore Schroedinger’s equation in polar coordinates reads
−

~2
2m



∂2
1 ∂
1 ∂2
+
+
∂r2
r ∂r r2 ∂ϕ2


Ψ(r, ϕ) = EΨ(r, ϕ) .

(4.15)
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To obtain the expression of the Hamiltonian in polar coordinates, one needs to apply the chain rule of
derivation and use the Jacobian matrix for the change of coordinates, Eq. (4.4). We now need to solve this
equation to determine the allowed values of the energy and the wave function for a particle confined to move
in a ring.
In order to solve this differential equation, first of all we note since since for a particle in a ring the radial
coordinate, r = R, is constant, then the wave function can depend only on the polar angle: Ψ = Ψ(ϕ). This
property can also be derived by noting that r = R is not a dynamical variable of the system but only an
external parameter. Therefore, the derivatives of the wave function with respect to the radial coordinate r
will vanish. With this simplification, the general expression of Schroedinger’s equation in polar coordinates,
Eq. (4.15), reads
~2 d2
Ψ(ϕ) = EΨ(ϕ) ,
(4.16)
−
2I dϕ2
where we have used the fact that mR2 = I is the moment of inertia of the particle. Formally, Eq. (4.16)
is the same type of differential equation as that of a one-dimensional free-particle, Eq. (1.28). Therefore, it
admits the same form of solutions, namely a linear combinations of exponentials of the form:
r
Ψ(ϕ) = A exp i

!
!
r
2IE
2IE
ϕ + B exp −i
ϕ ,
~2
~2

(4.17)

where A and B are integration constants to be determined by the boundary conditions and the normalization
of the wave function. In Eq. (4.17) the particle energy E can take in principle any value. However, we need
to make sure that the wave function satisfies the boundary conditions of the problem.

In the case of the particle in a box, we imposed the continuity boundary conditions Ψ(x = 0) = Ψ(x =
L) = 0 which stem from the fact that the wave function vanished outside the box. For a particle
restricted to move in a ring, the wave function should satisfy the periodicity condition boundary
conditions instead, which in this case read
Ψ(ϕ + 2π) = Ψ(ϕ) ,

(4.18)

given that the angles ϕ and ϕ + 2π are identical and thus the quantum state should be the same.
What are the implications of these periodicity boundary condition? For the wave function Eq. (4.17) to be
invariant over the transformation Eq. (4.18), we need to impose that
r
exp i

2IE
(ϕ + 2π)
~2

!

r
= exp i

!
2IE
ϕ
~2

r
→

exp 2πi

2IE
~2

!
= 1,

(4.19)

which in turn implies that only a specific discrete set of values of the energy E will lead to physically
acceptable solutions, namely those that satisfy
p
2IEm /~ = m

(4.20)

with m an integer number. Therefore we find that

Page 51 of 182

Dr Juan Rojo

From Quantum to Molecule: Lecture Notes

February 19, 2020

The energy of a free particle confined to a ring is quantized due to the periodic boundary conditions.
This means that we can label the physically allowed wave functions as Ψm (x), with m being an
angular quantum number that labels each eigenvector and eigenvalue of the Hamiltonian.
Therefore the solutions of the Schroedinger equation for a particle confined to a ring will be of the form
of Eq. (4.17) subject to the condition Eq. (4.20), that is, they will have the form
Ψm (ϕ) = A exp (imϕ) ,

m = 0, ±1, ±2, . . . ,

(4.21)

where m is the angular integer (positive or negative) quantum number labeling the solutions, each with an
associated kinetic energy with value
m2 ~2
Em =
.
(4.22)
2I
Moreover, using the relation between energy and angular momentum, E = Jz2 /2I, we find that also the
angular momentum is quantised,
Jz,m = m~ ,
(4.23)
and therefore the quantization of the energy of the particle implies that also its angular momentum is
quantized. We observe here that ~ plays the role of the quantum of angular momentum: for all the states
of the particle in a ring, the angular momentum is an integer multiple of ~. States with positive (negative)
m correspond to positive (negative) angular momenta. Note also that the ground state is m = 0, where
−1/2
Ψ0 = (2π)
is independent of the value of ϕ, and the angular momentum (and the energy) vanishes.
In general the solutions in Eq. (4.21) will not be normalised. We can however easily normalise them by
applying the normalisation condition,
Z
0

2π

dϕ Ψ∗m (ϕ)Ψm (ϕ)

=A

2

Z

2π

dϕ e∓imϕ e±imϕ = A2 2π = 1

0

→

1
A= √ ,
2π

(4.24)

where we integrate over all the allowed values that the polar angle ϕ can take.
We have seen explicitly how for the particle in a ring the periodic boundary conditions that the wavefunction must satisfy imply that both the energy and the angular momentum are quantised. Before moving
forward, let us study in a bit more detail the role than angular momentum plays in quantum mechanics.

4.3

Angular momentum in quantum mechanics

The analysis of the quantum mechanics of a particle undergoing circular motion in a ring has demonstrated
that the angular momentum is quantized. Let us now take a closer look at the interpretation of these results.
At the classical level, for a particle following a circular motion in the (x, y) plane, its angular momentum is
given, using the definition of the cross-product between two vectors, by
J~ = ~r × p~ = (x, y, 0) × (px , py , 0) = (0, 0, xpy − ypx ) = (0, 0, Jz ) .

(4.25)

In quantum theory, physical observables have associated operators that act on the wave function. What is
therefore the operator Jˆz associated to the z component of the angular momentum Jz ?
To determine the expression of Jˆz , we need to exploit the fact that Jz is expressed in terms of the position
~x and linear momentum p~ vectors, for which we know which are the corresponding operators. Thus we need
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to start with the classical expression
Jz = xpy − ypx ,

(4.26)

and implement the following replacements:
Observable

Operator

x

x̂ = x

y

ŷ = y

px

∂
−i~ ∂x

py

∂
−i~ ∂y

and this way we can identify what is the expression for the angular momentum operator in quantum mechanics:


~
∂
∂
Jbz =
x
−y
,
(4.27)
i
∂y
∂x
where note that we use partial rather than total derivatives, since the wave function depends now on the
two spatial coordinates x and y.
Angular momentum in polar coordinates. As we have seen in the discussion of Sect. 4.2, the quantum
description of the motion in a particle in a system with rotational symmetry is most transparent when using
polar coordinates. So we want to express the angular momentum operator Eq. (4.27) in polar coordinates
rather than in Cartesian coordinates. For this we will use the chain rule of the derivative, so that for a
general function f (x, y) one has:
∂
f (x, y)
∂x
∂
f (x, y)
∂y

=
=

∂
f (r(x, y), ϕ(x, y)) =
∂x
∂
f (r(x, y), ϕ(x, y)) =
∂y

∂f ∂r
∂f ∂ϕ
∂f
sin ϕ ∂f
+
= cos ϕ
−
,
∂r ∂x ∂ϕ ∂x
∂r
r ∂ϕ
∂f ∂r
∂f ∂ϕ
∂f
cos ϕ ∂f
+
= sin ϕ
+
,
∂r ∂y ∂ϕ ∂y
∂r
r ∂ϕ

(4.28)

where we have exploited the expressions for the Jacobian matrix associated to the change of coordinates,
Eq. (4.4). Therefore, once we include also the contribution from the position operator we find
x





∂
∂
∂
cos ϕ ∂
∂
sin ϕ ∂
∂
−y
= r cos ϕ sin ϕ
+
− r sin ϕ cos ϕ
−
=
,
∂y
∂x
∂r
r ∂ϕ
∂r
r ∂ϕ
∂ϕ

(4.29)

where note that the contribution proportional to the partial derivative with respect to r vanishes. Therefore,
we find that for a particle moving in the (x, y) plane, its angular momentum operator Eq. (4.27) has the
following expression in polar coordinates:
~ ∂
Jbz =
.
(4.30)
i ∂ϕ
What are the eigenvalues and eigenvectors that we can associate to Jˆz ? First of all, we note that since
ˆ and p~ˆ, then Jˆz is automatically an Hermitian operator and thus it
we have constructed it in terms of ~x
satisfies all the properties that were presented in Sect. 2.3. Second, if we construct the eigenvalue equation
associated to Jˆz we have
~ ∂
Jˆz Ψm (ϕ) =
Ψm (ϕ) = jm Ψm (ϕ) ,
(4.31)
i ∂ϕ
where Ψm and jm are the eigenfunctions and eigenvectors of the angular momentum operator respectively,
labelled by the quantum number m. What are the solutions of this eigenvalue equation? We can try again
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a solution of the plane wave form
Ψ(ϕ) = A exp(±iBϕ) ,

→

~ ∂
~
Ψ(ϕ) = A (±iB) exp(±iBϕ) ,
i ∂ϕ
i

(4.32)

which is indeed a solution of Eq. (4.31) with eigenvalue j = ±~B. In addition, as in the case of the
Schroedinger equation, these wave functions should satisfy the periodicity boundary condition Ψ(ϕ + 2π) =
Ψ(ϕ), which is satisfied provided that B = m is an integer number. Putting everything together, we find that
the eigenvectors and eigenvalues of the angular momentum operator in polar coordinates, Jˆz in Eq. (4.30),
are labelled by the quantum number m and are given by
Ψm (ϕ) = A exp (imϕ) ,

m = 0, ±1, ±2, . . .

jm = m~ ,

(4.33)

For a free particle confined to a ring, the eigenfunctions of the angular momentum and Hamiltonian
(Schroedinger equation) operators are identical, and therefore, these quantum states have well defined
values both of the kinetic energy and of the angular momentum.
We also note that the quantization conditions for the angular momentum that we found when solving
Schroedinger equation for the free particle, Eq. (4.23) are the same than when solving the eigenvalue equation
for the angular momentum operator.

4.4

Quantum mechanics of a particle in spherical motion

Following this discussion of the quantum mechanics of the particle in a ring, and in particular of the role
played by the angular momentum, we now move to discuss the case of a quantum particle confined to move in
the surface of a sphere of constant radius r = R. Such configuration is important to describe the electronic
wave functions of atoms and molecules, as we will see in the subsequent lectures. As in the case of the
particle in a ring, it is advantageous to use a coordinate system that exploits the rotational symmetry of the
problem, and therefore here we will adopt spherical coordinates as represented in Fig. 4.3 and defined by
the coordinate transformations of Eq. (4.5).
Once we transform the free-particle Hamiltonian in three space dimensions from Cartesian to spherical
coordinates, the Schroedinger equation for a free particle reads
−




~2 ∂ 2
2 ∂
1
1 ∂2
1 ∂
∂
+
+
+
sin
θ
Ψ(r, θ, ϕ) = EΨ(r, θ, ϕ) .
2m ∂r2
r ∂r r2 sin2 θ ∂ϕ2
sin θ ∂θ
∂θ

(4.34)

This equation can be simplified by taking into account the fact that the wave function cannot depend on
r since it is restricted to move in the surface of the sphere defined by r = R. Therefore, the differential
equation that needs to be solved is:
−

~2
2mR2



1 ∂2
1 ∂
∂
+
sin θ
sin θ ∂θ
∂θ
sin2 θ ∂ϕ2


Ψ(θ, ϕ) = EΨ(θ, ϕ) .

(4.35)

In order to solve this equation, we will use the method of separation of variables. In this method, one
assumes that the full wave function is the product of a function of the polar angle θ only, Ψθ (θ), and another
function of the azimuthal angle ϕ only, Ψϕ (ϕ), namely we have that our ansatz reads
Ψ(θ, ϕ) = Ψθ (θ)Ψϕ (ϕ) ,

(4.36)
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Figure 4.3: The motion of a particle confined to the surface of a sphere with fixed radius r are best described using
spherical coordinates, see also Fig. 4.2.
and now we need to try if this ansatz satisfies Eq. (4.35). By plugging this ansatz it into the Schroedinger
equation, one finds that
Ψθ ∂ 2
Ψϕ ∂
∂
2mER2
Ψ
+
sin
θ
Ψ
=
−
Ψθ Ψϕ ,
ϕ
θ
sin θ ∂θ
∂θ
~2
sin2 θ ∂ϕ2

(4.37)

which can be simplified to read
1 ∂2
sin θ ∂
∂
2mER2
Ψϕ +
sin θ Ψθ = −
sin2 θ .
2
Ψϕ ∂ϕ
Ψθ ∂θ
∂θ
~2

(4.38)

In the above equation, the first term of the LHS depends only on ϕ, while the second term of the LHC as
well as the RHS depend only on θ. Therefore, the only way that this equation can be satisfied is if both the
ϕ-dependent piece and the θ-dependent piece are equal to the same constant value, which we will denote
for convenience m2l for reasons that will become clear later. For the time being, m2l just stands for a real
positive constant, with no other restrictions about the values that it can take.
Therefore, we end up with two separate ordinary differential equations, each depending on a single
variable, that we need to solve:
1 ∂2
Ψϕ = −m2l ,
Ψϕ ∂ϕ2

(4.39)

sin θ ∂
∂
2mER2
sin θ Ψθ +
sin2 θ = m2l .
Ψθ ∂θ
∂θ
~2

(4.40)

For simplicity, in the following we will define
≡

2mR2
E,
~2

(4.41)
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which is now a dimensionless number proportional to the total energy of the particle E. Our goal is to
separately determine the expressions of Ψθ (θ) and Ψϕ (ϕ) so that we can reconstruct the whole wave function
Eq. (4.36).
Let us now solve these two independent differential equations. First of all, we want to solve the equation
for the azimuthal angle, which can be rearranged to read
∂2
Ψϕ (ϕ) = −m2l Ψϕ (ϕ)
∂ϕ2

(4.42)

but this is nothing but the Schroedinger equation for a free particle in a ring, Eq. (4.16). Therefore we know
that ml will be quantised, in the sense that it can only adopt integer numbers, and that the wave function
will be of the form
1
Ψϕ,ml (ϕ) = √ exp(iml ϕ) ,
(4.43)
2π
where ml can only take only integer values and the wave function is normalised.
Now we need to solve the second differential equation, the one that determines the dependence of the
wave function on the polar angle θ:
sin θ ∂
∂
sin θ Ψθ +  sin2 θ = m2l .
Ψθ ∂θ
∂θ

(4.44)

This differential equation is of a type called Associated Legendre equations. It is beyond the scope of the
course to determine its solutions, and here we will just take them as given. As in the case of Ψϕ , Ψθ must
also obey periodic boundary conditions, in this case we have that
Ψθ (θ + 2π) = Ψθ (θ) ,

(4.45)

and this leads to introducing another quantum number related to angular momentum, which we denote by l.
The values that these two quantum numbers, l and ml , can take, are not independent, and it can be shown
that the only allowed values are
l

=

0, 1, 2, 3, . . .

ml

=

−l, −l + 1, −l + 2, . . . , l − 2, l − 1, l ,

(4.46)

so that for a quantum state characterised by the quantum number l, then ml can only take (2l + 1) values,
and one has that |ml | ≤ l. As the values of the quantum numbers l and ml increases, the expressions for
the spherical Harmonics becomes more complicated.
Putting everything together, we find that the solutions of the Schroedinger equation for a particle in a
sphere, Eq. (4.35), are given by
Ψ(θ, ϕ) = Ψθ,l,ml (θ)Ψϕ,l (ϕ) ≡ Yl,ml (θ, ϕ) ,

(4.47)

where the functions Yl,ml (θ, ϕ) are called the spherical harmonics. The explicit expressions for the first few
spherical harmonics are given in Table 1. It can be checked that all spherical harmonics are appropriately
normalised, as corresponds to a quantum wave function. Note that for the ground state, the spherical
harmonic with values (l, ml ) = (0, 0) is just a constant.
Let us discuss some important properties of the solution of Schroedinger equation for the particle in the
sphere, that follow from the solution of the corresponding differential equations subject to the appropriate
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l

ml

0

0

1

0

1

±1

2

0
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Yl,ml (θ, ϕ)

1 1/2
4π


3 1/2
cos θ
4π

3 1/2
∓ 8π
sin θe±iϕ

5 1/2
3 cos2 θ −
16π


1

Table 1: The first four spherical harmonics Yl,ml (θ, ϕ).
boundary conditions.
• Quantum states are labelled by a pair of quantum numbers (l, ml ), which have to satisfy the restrictions
of Eq. (4.46).
• A quantum state characterised by the quantum numbers (l, ml ) has associated a kinetic energy El and
total angular momentum Jl given by
E = l(l + 1)

~2
,
2mR2

Jl =

p
l(l + 1)~ ,

(4.48)

as can be checked by recalling that E = J 2 /2mR2 . Note that both Jl and El are independent of ml .
The total angular momentum Jl ≡ |J~l | should not be mixed with its component in the z direction Jz ,
since in general for a particle moving in three dimensions as in this case these can be different.2
• States with larger l correspond to greater angular momentum and kinetic energy El and Jl , as well as
shorter de Broglie wavelengths.
In Fig. 4.4 we show a schematic representation of the wave function of a particle in a sphere (the
spherical harmonics defined in Eq. (4.47)) for the l = 0, 1, 2, 3. The distance of a point on the surface
from the origin is proportional to the square modulus of the amplitude of the wave-function at that
point.
• The value of ml determines the component of the angular momentum in the z direction, as opposed to
its total magnitude,:
Jz = ml ~ ,
(4.49)
that can take 2l+1 possible values. Therefore we find that both the total magnitude and the orientation
of the angular momentum J~ are quantised for this system.
In Fig. 4.5 we illustrate the allowed orientations of angular momentum vector J~ when l = 2, and only
the values ml = −2, 1, 0, 1, 2 are allowed. Recall that ml determines the value of Jz = m~, and that
p
√
the total magnitude of the vector is fixed, J = l(l + 1)~ = 6~ for l = 2.

2 For

a particle moving in two dimensions, then Jl and Jz coincide since they represent the same physical quantity.
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Figure 4.4: Schematic representation of the wave function of a particle in a sphere (the spherical harmonics defined
in Eq. (4.47)) for the l = 0, 1, 2, 3. The distance of a point on the surface from the origin is proportional to the square
modulus of the amplitude of the wave-function at that point.

Figure 4.5: The permitted orientations of angular momentum vector J~ when l = 2, and only the values ml =
−2, 1, 0, 1, 2 are
p allowed. Recall
√ that ml determines the value of Jz = m~, and that the total magnitude of the vector
is fixed, J = l(l + 1)~ = 6~ for l = 2.
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Probabilistic interpretation in spherical coordinates

As for the case of all other quantum systems, the wave functions associated to the particle restricted to
move in the surface of a sphere, Eq. 4.47, admit a probabilistic interpretation. In particular, it provides
information about what should be the most likely location of a particle upon a measurement. However the
use of spherical coordinates introduces some subtleties in the discussion.
Consider a particle moving in two-dimensions, that is, restricted to the (x, y) plane. The wave function will
depend on the two coordinates, Ψ(x, y), and the associated probability density is then P (x, y) = |Ψ(x, y)|2 .
For example, the probability of finding the particle within a box of size 2L centered in the origin would be
Z

L

Z

L

L

−L

Z

L

dx

dy P (x, y) =

dx
−L

Z

−L

dy|Ψ(x, y)|2 .

(4.50)

−L

Likewise, the most likely values where to find the particle are given by the maxima of the probability
distribution, given by the usual optimisation conditions,
∂P (x, y)
∂P (x, y)
=
= 0.
∂x
∂y

(4.51)

In the case of spherical coordinates, one might naively think that the corresponding probability density
was simply P (θ, ϕ) = |Yl,ml |2 . However, this is not correct, since one is missing the Jacobian factor due to
the change of coordinates. The appropriate relation between probability densities in Cartesian and spherical
coordinates for the particle restricted to the surface of the sphere is given by
P (x, y, z)dxdydz = P (x(θ, ϕ), y(θ, ϕ), z(θ, ϕ))R2 sin θdθdϕ ,

(4.52)

and therefore the probability density associated to the angular variables will be instead
Pl,ml (θ, ϕ) = |Yl,ml (θ, ϕ)||2 sin θ ,

(4.53)

with the additional factor of sin θ arising from the Jacobian of the coordinate transformation. Using Eq. (4.55)
one can now compute most likely values and expectation values for the position of a particle over the surface
of the sphere. For example, the most likely values of θ and ϕ will now the defined by the condition
∂Pl,ml (θ, ϕ)
∂Pl,ml (θ, ϕ)
=
= 0,
∂θ
∂ϕ

(4.54)

for a given pair of values of the angular quantum numbers m and ml . Note that these conditions return
both local maxima and minima, so one need to tell them apart. This is in general easy since the probability
density of the angular variables Pl,ml (θ, ϕ) usually vanishes at minima.
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Particle Restricted to Surface of Sphere
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Figure 4.6: The probability density associated to the state (l, ml ) = (1, −1) of a particle restricted to the surface of
a sphere, as a function of the polar angle θ.

Assume that a particle in the surface of a sphere has the quantum numbers l = 1 and ml = −1. We
would like to compute the most likely position of the particle in the sphere’s surface. Using Eq. (4.55),
the corresponding probability density will be
P1,−1 (θ, ϕ) = |Y1,−1 (θ, ϕ)||2 sin θ =

3
sin3 θ .
8π

(4.55)

Therefore the most likely value of θ will be given by the solutions of the condition
∂
∂θ



3
sin3 θ
8π


→

=0

sin2 θ cos θ = 0

(4.56)

which is satisfied by θ = 0, π/2, π. Since θ = 0, π correspond to minima (the probability P (θ, ϕ)
vanishes there), it turns out that θ = π/2 is the only maximum and thus the most likely value of the
polar angle. Furthermore, since P1,−1 (θ, ϕ) does not depend explicitly on ϕ, any value between 0 and
2π will be as likely as any other: the particle is completely delocalised in the azimuthal direction.
Note that this probability distribution is appropriately normalised, since
Z

θ

Z
dθ

0

2π

P1,−1 (θ, ϕ) = 2π
0

3
8π

Z
0

θ

dθ sin3 θ = 2π ×

3
4
× = 1.
8π 3

(4.57)

In Fig. 4.6 we represent graphically P1,−1 (θ, ϕ) as a function of the polar angle θ.

Summary
To summarize, some important concepts that we have learned in this lecture about the application of quantum
theory to a particle moving either in circular or in spherical motion are the following:
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• The description of quantum systems with rotation symmetry simplifies in a marked way when the
dynamics of the system are expressed in polar (cylindrical) or spherical coordinates.
• Imposing cyclical boundary conditions leads to the quantization of the angular momentum associated
to the rotating particle.
• The eigenstates of the energy and of the total angular momentum coincide. For a particle moving in a
ring, the total angular momentum coincides with its z-component, but in general these two magnitudes
are different.
• The wave function of a particle in a sphere is given by the spherical harmonics, whose shape is determined by the values of the angular quantum numbers (l, ml ) associated to each state.
• The spherical harmonics admit the standard probabilistic interpretation once the Jacobian factor from
the coordinate transformation is taken into account.
In the next lecture, we will extensively use these concepts to the study of the solutions of the Schroedinger
equation applied to the hydrogen atom. The interested student might want to consult the lectures notes of
the 2018-2019 course as well as the further reading indicated below to learn more about angular momentum
in quantum mechanics. Two important concepts in this respect that we do not have time to cover are the
following. First of all, in the same way as Heisenberg’s uncertainty principle prevents the simultaneous determination of the position and linear momentum of a particle, it is not possible to determine simultaneously
the angular momentum and the angular position of a particle. Second, that only the total magnitude of the
~ and its component in a given direction Ji can be simultaneously determined. Indeed,
angular momentum |J|
~
it is not possible to determine simultaneously the values of two different components of J.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
Chapters in textbook
• 7F.1: Rotation in two dimensions.
• 7F.2: Rotation in three dimensions.
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5

HC5: The hydrogen atom

In this lecture, we discuss the quantum mechanics of the hydrogen atom, one of the most important systems
for our understanding of atomic and molecular phenomena. A crucial property of this system is that its
Schroedinger equation can be solved analytically, and this allows us to understand in a detailed way the
resulting properties of the wave functions of the hydrogen atom. This knowledge will represent the building
block for our subsequent studies, first of more complicated atoms composed by more than one electron, and
then of molecules composed by two atoms or more.

The learning goals of this lecture are:
(a) Solving the Schroedinger equation for the hydrogen atom.
(b) Interpreting physically the radial and angular wave functions of the hydrogen atom.
(c) Understanding how the concept of probability density is modified in spherical coordinates as
compared to Cartesian coordinates.
(d) Being able to draw graphically and identify the main qualitative features of the electronic
orbitals of the hydrogen atom.

5.1

The Schroedinger equation for the hydrogen atom

The hydrogen atom plays a central role in this course for a number of reasons:
• It is the simplest possible atom that exists, composed by only one proton and one electron.
• The Schroedinger equation of the hydrogen atom can be solved exactly, so we can study its properties
in great detail without the need of any numerical approximations.
• The main features of the atomic orbitals of the hydrogen atom can then be applied to the description
of other more complex atoms, in particular of multi-electron atoms (HC6).
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• The hydrogen atom forms the basis for our understanding of molecular bonds and molecular structure,
which is the main topic of the second part of the course.
The hydrogen atom is composed by one proton with electric charge Qp = +e and one electron with the
opposite charge Qe = −e bound by the electric force attraction, the Coulomb force. Within a hydrogen
atom, the electrostatic potential that the electron experiences is given by
V (r) = −

1 e2
,
4π0 r

(5.1)

where r is the distance that separates the electron and the proton, and 0 is the dielectric constant of the
vacuum. Given that the mass of the proton is much larger than the mass of the electron, mp ' 1800 me , one
can consider to very good approximation that the proton is at rest in this system. Therefore the motion of
the proton can be neglected and only considering the motion of the electron around it is required.
Spherical symmetry
A central feature of the Coulomb potential Eq. (5.1) is that it exhibits spherical symmetry: it depends
only on the distance r = |~r| between the electron and the proton, but not on the values of the polar
θ and azimuthal ϕ angles of the distance vector ~r that connects them. We will therefore now be able
to exploit everything that we learned in HC4 concerning the quantum mechanics of systems with
spherical symmetry, in particular the solutions of the Schroedinger equation for a particle confined
in the surface of a sphere that we presented in Sect. 4.4.
The Hamiltonian for the hydrogen atom, which as usual corresponds to the operator associated to the
total energy of the system, takes the following form:
b
H

bp + E
b e + Vb (r)
= E
kin
kin
= −

~2 2
~2 2
e2
,
∇p −
∇e −
2mp
2me
4π0 r

(5.2)

where the Laplacian operator is defined as the sum of the second derivatives with respect to the particle
coordinates,

 2
∂2
∂2
∂
+
+
,
(5.3)
∇2 ≡
∂x2
∂y 2
∂z 2
and we denote by ∇2p the Laplacian acting on the proton spatial coordinates and ∇2e on those of the electron.
In the same way as in the two-body problem in classical mechanics, the problem is simplified if we express
the coordinates of the proton and the electron relative to the center of mass of the system. Since mp  me ,
the position of the center of mass coincides basically with the position of the proton, which can therefore
be considered to be stationary (to be more precise, the center-of-mass of the system is freely moving since
no forces act upon it). In the coordinates with respect the center of mass of the system, the Schroedinger
equation reads
~2 2
e2
−
∇ Ψ(r, θ, ϕ) −
Ψ(r, θ, ϕ) = EΨ(r, θ, ϕ) ,
(5.4)
2µ
4π0 r
where we have introduced the reduced mass of the proton-electron system,
1
1
1
1
=
+
'
,
µ
me
mp
me

(5.5)
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given the fact that the proton is much more massive than the electron. From the numerical point of view,
using me instead of µ is in general a very good approximation. Note that Eq. 5.4 is being expressed in
the spherical coordinates defined in Sect. 4.1: as was shown there, the problem simplifies when adopting
these coordinates that reflect the underlying symmetries of the system. Crucially, note that Eq. (5.4) is now
one-particle differential equation, as compared to the two-particle equation that we started with.
In order to solve the differential equation Eq. (5.4), we will try the same method of separation of variables
as the one used in HC4. That is, we want to express the total wave function of the system, Ψ(r, θ, ϕ), as a
product of functions that depend separately on r, θ, and ϕ. Note that, as opposed to the problem that we
discussed in Sect. 4.4, the electron now is not confined to the surface of a sphere, so we also need to account
here for the radial dependence of the wave function. Therefore we adopt the following ansatz for the electron
wave function:
Ψ(r, θ, ϕ) = R(r)Y (θ, ϕ) ,
(5.6)
with R(r) representing the radial part of the wave function and the angular dependence is contained on the
spherical harmonics Y (θ, φ), which as we know correspond to the solution of the Schroedinger equation for
a particle confined in the surface of a sphere. Our choice of the spherical harmonics is Eq. (5.6) is justified
since, as we will show, now the angular part of the wave function satisfies the same differential equation as
the particle in the surface of a sphere of Sect. 4.4.
Using this ansatz, we obtain that the Schroedinger equation in spherical coordinates reads
~2
−
2µ




∂2
2 ∂
1 2
+
+ Λ RY + V (r)RY = ERY ,
∂r2
r ∂r r2

(5.7)

where we have used the expression of the Laplacian in spherical coordinates, and where we have defined
Λ2 ≡

1 ∂2
1 ∂
∂
+
sin θ
.
sin θ ∂θ
∂θ
sin2 θ ∂ϕ2

(5.8)

Next, we use the fact that the radial function R(r) is independent of the angular variables and that the
spherical harmonics Y (θ, ϕ) do not depend on the radius r, so that the above equation can be written as
~2
−
2µ



R
∂ 2 R2
2Y ∂R
+ 2 Λ2 Y
Y
+
2
∂r
r ∂r
r


+ V (r)RY = ERY ,

(5.9)

which can be simplified by multiplying both sides by r2 /RY , leading to
~2
−
2µR



d2 R
r2 2
dr

dR
+ 2r
dr



+ V (r)r2 −

~2 2
Λ Y = Er2 .
2µY

(5.10)

From this expression, we can determine that our ansatz Eq. (5.6) with the separation of variables has
been successful: the last term on the left hand side of Eq. (5.10) depends only on the angular variables, while
the rest of the equation depends only on r or on constants. Therefore, the only way in which this condition
can be satisfied is provided that
~2
−
2µR



2


R
dR
r
+ 2r
dr2
dr
2
~
−
Λ2 Y
2µY
2d

+ V r + A = Er2 ,

(5.11)

= A,

(5.12)

which A some unspecified constant, that will be fixed later. Therefore, we end up with two independent
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differential equations: one for the radial part of the wave function R(r) and another for the angular part
Y (θ, ϕ), which must be solved separately.
Angular dependence. From our study of the quantum mechanics of a particle confined in the surface of
a sphere in HC4, we already know how to solve the angular equation:
−

~2
Λ2 Y (θ, ϕ) = A ,
2µY (θ, ϕ)

(5.13)

since using the definition of Λ2 we have that it is written as
−

~2
2µ



1 ∂
1 ∂2
∂
2 ∂ϕ2 + sin θ ∂θ sin θ ∂θ
sin θ


Y (θ, ϕ) = AY (θ, ϕ) ,

(5.14)

but this is nothing but Schroedinger’s equation for a particle confined to the surface of a sphere, Eq. (4.35),
with mass µ. From this identification, it follows that A = Er2 , with r being the radial coordinate, and then
the solutions of this equation are indeed the spherical harmonics Yl,ml (θ, ϕ), labelled by the two angular
quantum numbers (l, ml ). Therefore, since we know that the kinetic energy of the particle in a sphere is
given by Eq. (4.48), we can conclude that the constant A must be quantised and is given by
A = l(l + 1)

~2
,
2µ

(5.15)

where l is the principal angular quantum number. Due to the periodic boundary conditions applied to
the angular component of the wave function, this quantum number can only take positive integer values:
l = 0, 1, 2, 3, . . .. Note that Eq. (5.15) automatically implies that the radial solutions of the hydrogen atom
will also be quantised and at least will be labelled by angular quantum number l.
Radial dependence and the effective potential. We can now turn to solve the radial part of Schroedinger’s
equation for the hydrogen atom. Using Eq. (5.15), the radial differential equation reads
~2
2µR



2
dR
~2 l(l + 1)
2d R
2
+
2r
= Er2 .
r
+
V
(r)r
+
dr2
dr
2µ

(5.16)

This differential equation can be written in a physically more transparent way using the rescaling R(r) =
u(r)/r, which makes possible to simplify the above equation using


r2

d2 R
dR
+ 2r
dr2
dr


=r

d2 u(r)
,
dr2

(5.17)

which in turn leads to a simpler differential equation
−

~2 d 2 u
+ Veff (r)u = Eu ,
2µ dr2

(5.18)

where we have defined an effective interaction potential Veff (r) by
Veff (r) ≡ −

e2
l(l + 1)~2
+
,
4π0 r
2µr2

(5.19)
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Radial wave functions of hydrogen atom

Figure 5.1: Left: the effective interaction potential of the hydrogen atom Veff (r), Eq. (5.19) includes contributions
from the Coulomb potential and from the centrifugal force which is proportional to the electron angular momentum.
Here we show its values both for l 6= 0 (finite angular momentum) and l = 0 (vanishing angular momentum). Right:
schematic representation of the radial part of the wave function of the hydrogen atom for different values of the
angular quantum number l.

which includes the contributions both from the Coulomb force as well as from the angular momentum of
the electron (namely the centrifugal force that grows with l). After these manipulations, we can see how
Eq. (5.18) formally corresponds to the Schroedinger equation for a particle of mass µ moving in one dimension
r under the effects of the potential Veff (r).
The effective potential Eq. (5.19) has different behaviors when l = 0 (vanishing angular momentum) and
when l > 0 (finite angular momentum), as shown in Fig. 5.1. Indeed, for l = 0 we recover the Coulomb
attractive potential, that tends to Veff → −∞ when r → 0. However, in the presence of angular momentum
l 6= 0, the effective potential becomes repulsive at small distances, Veff → +∞ when r → 0, therefore
disfavoring small values of r in the energy budget of the problem. At large values of r, r → ∞, the Coulomb
potential always dominates since it is characterised by a gentle fall-off with r.
The physical interpretation of the effective potential Veff (r) Eq. (5.19) is the following:
• First of all, we see that the term that depends on the angular momentum l has the opposite sign as the
Coulomb potential, implying that it corresponds to a repulsive effective force rather than an attractive
one. So it has the opposite effect than the Coulomb interaction.
• Second, we observe that when the distance becomes small V (r) ∝ +r−2 , and therefore the electron
and the proton cannot get too close to each other.
• This effective potential also appears in the classical description of the two body problem, and its second
term corresponds to the contribution of the centrifugal force.
• Indeed, while the radial equation Eq. (5.18) describes an effective one dimensional motion, the original
physical particle is three-dimensional, and the remnants of this rotating motion are present in the
effective potential though the contribution of the centrifugal force.
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• We see that in the case that the angular momentum quantum number vanishes, l = 0, then the effective
potential boils down to the Coulomb potential.
• For small values of the radial coordinate r, then Veff ' l(l + 1)r−2 , meaning that the larger the value
of the angular momentum l the farther than on average the electron will be from the nucleus (because
of the bigger centrifugal force).
• We see that for large separations r the effective potential goes to zero, with both the Coulomb attraction
and the centrifugal force becoming vanishingly small, with the former dominating as discussed above.
Introducing the effective potential therefore highlights the different qualitative behaviors that can be
expected from the radial solutions of the Schroedinger equation for the hydrogen atom.

5.2

The radial wave functions of the hydrogen atom

The previous discussion indicates that the radial wave functions u(r) of the hydrogen atom can be derived
by solving Eq. (5.18). It is beyond the scope to show how to explicitly solve this differential equation, and
here we will limit ourselves to present its solutions and discuss their main features. First of all, when solving
Eq. (5.18) one finds that the allowed energy levels are quantised, and that they are given in terms a new
quantum number n, called the principal quantum number, as follows:
En = −

µe4
1
,
32π 2 2o ~2 n2

(5.20)

where n is a positive integer number: n = 1, 2, 3, . . .. Note that n = 0 is not allowed since it corresponds to
an unphysical solution.

As in previous quantum systems, the quantisation of the wave function and thus of the allowed
energy states follows from imposing boundary conditions that need to be respected by the system
from physical considerations. In this case, the quantisation of the energy levels indicated in Eq. (5.20)
can be shown to be a consequence of the boundary condition that require that R(r) → 0 for r → ∞,
namely that the radial component of the wave function must vanish at infinity. This boundary
condition is necessary since else the probability distribution associated with the electron would not
be well defined, in particular it would not be possible to assign to it a well-defined probabilistic
interpretation.
Another important observation related to Eq. (5.20) is the fact that En ≤ 0 reflects that the electron and the
proton in a hydrogen atom form a bound state. That is, the energy of the electron+proton system together is
smaller than the separate energies of the electron and the proton, and therefore the formation of an hydrogen
atom is energetically favored. For this reason, En is also known as the binding energy of the electron, namely
the energy that needs to be provided to free the electron from this bound state.
The quantum states with energies Eq. (5.20), labelled by the principal quantum number n, can be shown
to have associated the following radial wave functions:
Rn,l (r) = Nn,l ρl L2l+1
n+1 (ρ) exp (−ρ/2) ,

(5.21)
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where we have defined the following variables:
ρ≡

2r
,
na

a=

me
a0 ,
µ

a0 =

4π0 ~2
.
me e2

(5.22)

Therefore, we see that each of the radial solutions Rn,l (r) is labelled in terms of two quantum numbers:
(n, l). Each pair of values of (n, l) then corresponds to a different quantum state, though note that for a
given value of n the states with different angular quantum number l will be degenerate since they have the
same energy, see Eq. (5.20).

In the context of atomic and molecular physics, these quantum states are known as electronic orbitals.
Note that since me ' µ, then a ' a0 to very good approximation. In Eq. (5.22) we have defined a new
constant a0 with units of length, known as the Bohr radius, and whose physical interpretation will become
transparent now. One important property is that the quantisation conditions imply that the quantum numbers n and l are not independent, but that that have to satisfy the following condition:

For an orbital characterised by the principal quantum number n, the angular quantum number l can
only take the following values: l = 0, 1, 2, . . . , n − 1. For example, if n = 3, the second excited states
of the hydrogen atom, then l can be either 0,1, or 2. Therefore a given principal quantum number n
has associated n − 1 states each with a different value of l.
Let us now discuss the general structure and properties of these solutions, Eqns. (5.21) and (5.22):
• The values of the overall constants Nn,l are fixed by the normalisation conditions of the wave functions.
• The radial wave functions Rn,l (r) depend on both the radial n and the angular l quantum numbers.
Note that the dependence in l arises from the effective potential Eq. (5.19) in the differential equation
that determines R(r).
• For small values of r, the wave functions can be shown to scale as Rn,l (r) ' rl . Therefore, we see that
the radial wave function vanishes at the origin except for l = 0 (for a system with vanishing angular
momentum).
We also see that the larger the value of l, the smaller the probability of finding the electron close to the
proton. This behaviour is a direct consequence of the centrifugal component of the effective potential
Veff (r), which tends to push the electron away for the proton if l is large.
The small-r behaviour of the radial wave functions is schematically represented in Fig. 5.1. For l = 1,
the radial wave function grows linearly, R1 ' r, for l = 2, it grows quadratically, R1 ' r2 , and so
on. For a system with vanishing angular momentum instead, l = 0, we have that the wave function is
constant for r = 0 and then decreases as r is increased.
• At large distances, the radial wave function falls off exponentially
Rn,l (r) ' exp (−r/na) ,

(5.23)

ensuring that the wave function vanishes at infinity as required by the boundary conditions. Recall
that an exponential dominates over any fixed-order polynomial.
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Note that here the product na provides a measure of the size of the hydrogen atom: given the steeplyfalling character of the exponential, the electron is confined to the region with r <
∼ na. We also note
that the effective size of this atom increases with the main quantum number n.
Therefore, we can identify a0 , namely the Bohr radius, with the radius of the hydrogen atom when the
electron occupies the ground state (n = 1, the state with smallest energy).
• The interpolation between the limiting small-r and large r limit is determined by a series of special
functions called the Associated Laguerre polynomials L2l+1
n+1 (ρ). These functions depend on the two
quantum numbers n and l. For integer values of n and l, these polynomials are smooth functions of ρ,
for instance the first few ones are given by
Lk0 (x)

=

Lk1 (x)

= −x + k + 1 ,

1 2
=
x − 2(k + 2)x + (k + 1)(k + 2) .
2

Lk2 (x)

1,
(5.24)

Note in particular that these associated Laguerre polynomials Lkp (x) tend to a constant as x → 0
and then grows at most as a power p, xp , as x → ∞. Therefore, at large values of the radius r, the
asymptotic behaviour of the radial wave function is dominated by the exponential in Eq. (5.23).
Putting together Eq. (5.21) with the expressions for the Associated Laguerre polynomials, one can construct the explicit form of radial wave functions for any value of n and l. For instance, the three lowest
energy states (labelled by n = 1 and n = 2) will have associated the following wave functions:
R1,0 (ρ)

=

R2,0 (ρ)

=

R2,1 (ρ)

=

 3/2
1
2
e−ρ/2 ,
a
 3/2
1
1
√
(2 − ρ)e−ρ/2 ,
a
8
 3/2
1
1
√
ρe−ρ/2 .
24 a

(5.25)

In particular, R1,0 (r) represents the radial wave function associated to the ground state of the hydrogen
atom. One can check that all these wave functions are normalised by integrating their squares over the
allowed ranges for the r, θ, and ϕ coordinates. Note also that, as mentioned above, these wave functions
vanish at ρ = 0 unless l = 0, where they take constant values. For instance, for n = 1 and n = 2, the value
of the l = 0 wave functions at the origin are given by
R1,0 (r = 0)

=

R2,0 (r = 0)

=

 3/2
1
,
a
 3/2
2
1
√
.
8 a

2

(5.26)

As will be shown shortly, this does not mean that the electron has a non-zero probability of being found at
r = 0 in the same position as the proton. This would be problematic since quantum mechanics would not
be able to describe such configuration.
Generalisation to hydrogen-like atoms This discussion can be generalised to hydrogen-like atoms,
which are defined as atoms that have Z protons and A − Z neutrons but only a single electron. One example
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of this would be the Helium atom if one of its two electrons has been stripped off. For hydrogen-like atoms,
the only difference would be to replace e2 by Ze2 in the effective potential of the radial wave function,
Eq. (5.19). Therefore the only difference at the level of radial wave functions would be to replace Bohr’s
radius a0 by
4π0 ~2
a0 =
(5.27)
me Ze2
or in other words, replacing a0 in the solution of the hydrogen atom for a0 /Z in the case of hydrogen-like
atoms. For the three lowest energy states, the expression for the radial wave functions of hydrogen-like atoms
are given by
 3/2
Z
e−Zρ/2 ,
R1,0 (ρ) = 2
a
 3/2
Z
1
(2 − ρ)e−Zρ/2 ,
R2,0 (ρ) = √
8 a
 3/2
1
Z
ρe−Zρ/2 .
R2,1 (ρ) = √
24 a

(5.28)

On the other hand, the angular part of the wave function, given by the spherical harmonics Yl,ml (θ, ϕ), is
the same for hydrogen and hydrogen-like atoms.
In hydrogen-like atoms, the atomic size now will be smaller than the one of the hydrogen atom by a factor
1/Z. This can be understood from the fact that having now Z protons instead of one creates a stronger
electrical attraction with the electron, and therefore the electron is more likely to be found closer to the
atomic nucleus.
Allowed electronic transitions in the hydrogen atom. We can express the values of the energy levels
of the hydrogen atom Eq. (5.20) in a more physically transparent way as follows:
En = −
where we have defined
eh =
R

µe4
,
32π 2 0 ~2

hc e
Rh ,
n2
eh ≡ µ R
e∞ ,
R
me

(5.29)

(5.30)

and where the so-called Rydberg constant is given as
4
e∞ = me e .
R
2
3
80 h c

(5.31)

From Eq. (5.29) is clear that this Rydberg constant, neglecting proton mass effects, is minus the energy
associated to the ground state of the hydrogen atom. In other words, it is a measure of the binding energy
of the electron in the n = 1 state of the hydrogen atom.
If we define the ionisation energy of the hydrogen atom, I, as the energy that needs to be supplemented
to such an atom in its ground state in order to ionize it, in terms of the Rydberg constant it will be given by
eh = 13.6 eV ,
I = hcR

(5.32)

which is consistently also denoted as one Rydberg. So the Rydberg is a unit suitable to describe ionisation
energies in hydrogen-like atoms.
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Figure 5.2: Schematic representation of the energy levels of the hydrogen atom. The ground state (n = 1) has energy
eH , the first excited state (n = 2) has energy E2 = −hcR
eH /4 and so on, expressed in terms of the Rydberg
E1 = −hcR
constant. As n keeps increasing, the difference between energy levels becomes smaller and smaller. If the atoms finds
itself in the energy level n and absorb energy (say from a photon) with E ≥ −En , then the hydrogen atom will ionize
and dissociate into a proton and a electron, not bounded by the electromagnetic interaction anymore. Recall that
the fact that En < 0 indicate that the electron and the proton form a bound state.

Note that from the distribution of energy levels of the hydrogen atom, Eq. (5.29), one finds that the
difference between two neighboring energy levels decreases as n is increased. Indeed, if one has two adjacent
levels En and En−1 , then their energy difference is given by
∆En = En−1 − En = −

hc
eh + hc R
eh = hcR
eh 2n + 1 ,
R
2
2
(n + 1)
n
(n2 + n)2

(5.33)

and therefore in the limit of a highly excited state, n → ∞, one as that this energy difference ∆En becomes
vanishingly small.
This behaviour is illustrated in Fig. 5.2, where we display the schematic representation of the energy levels
eH ,
of the hydrogen atom in terms of the Rydberg constant. The ground state (n = 1) has energy E1 = −hcR
eH /4 and so on. As n keeps increasing, the difference
the first excited state (n = 2) has energy E2 = −hcR
between energy levels becomes smaller and smaller. If the atoms finds itself in the energy level n and absorbs
energy (say from a photon) with E ≥ −En , then the hydrogen atom will ionize and dissociate into a proton
and a electron, not bounded by the electromagnetic interaction anymore. The higher the value of n, the
smaller the energy of the photon that will be needed to dissociate an hydrogen atom. As mentioned above,
for n = 1 this energy is known as the ionisation energy I of the hydrogen atom.
As is clear from Fig. 5.2 the fact that En < 0 indicate that the electron and the proton form a bound
state. Positive energies of the unbounded electron+proton system can take any value (since they are not
subjected to the quantisation conditions) and we say that they form a continuum.
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The orbital structure of the hydrogen atom

We now have all the ingredients that we need in order to take a closer look at the orbital structure of
the hydrogen atom. Recall that by electronic orbitals we mean simply the allowed quantum states for the
electrons in this system, labelled by the pair of quantum numbers (n, l). First of all, we note that the values
of the energy En are independent of the values of the angular quantum numbers l and ml , and depend only
on the values of the principal (radial) quantum number n. This means that, in general, there will be several
orbitals sharing the same value of the energy En : in particular, for a given n, all orbitals with different
values of l and ml will have the same energy. Recall that for a fixed value of n, the allowed values of l are
l = 0, 1, 2, . . . , n − 1 ,

(5.34)

while in turn for a given value of l, the allowed values of ml are given by
ml = −l, −l + 1, . . . , l − 1, l ,

(5.35)

where the value of ml determines the orientation of the angular momentum with respect to the z axis. So
for each value of n there exist a number of orbitals that share the same energy En , and this number can be
computed as
n−1
X
Nn =
(2l + 1) = n2 − n + n = n2 ,
(5.36)
l=0

where we have used the expression for the arithmetic sum
n
X

k=

k=1

1
n(n + 1) .
2

(5.37)

Therefore, we have N1 = 1 orbitals for the ground state, N2 = 4 orbitals for the first excited state, N3 = 9
orbitals for the second excited state, and so on.

For historical reasons, the electronic energy levels n = 1, 2, 3, 4, . . . in the hydrogen atom are denoted
as the K, L, M, N, . . . electronic shells. In turn, orbitals with angular momentum l = 0, 1, 2, 3, 4, . . .
are labelled by the letters s, p, d, f, g, . . .. For instance, an s orbital in the L shell corresponds to
(n, l) = (2, 0), while a p orbital in the M shell corresponds to (n, l) = (3, 1).
Following this convention, here we will use the following notation to denote the orbitals of the hydrogen
atom in terms of their radial n and angular n quantum numbers:
n

l

notation

1
2
2
3
3
3

0
0
1
0
1
2

1s
2s
2p
3s
3p
3d

A graphical representation of the distribution of the orbitals of the hydrogen atom in shells (labelled by
the value of n) and sub-shells (labelled by the value of l) is schematically represented in Fig. 5.3. Each shell
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Figure 5.3: The distribution in shells and sub-shells of the orbitals of the hydrogen atom. Each shell corresponds to
a different main quantum number n: the K shell is n = 1, the L shell is for n = 2, and so in. Within each shell, there
is a division in subshells labelled by the value of the angular quantum number l. For example, the M shell (n = 3)
has three subshells: s (l = 0), p (l = 1), and d (l = 2). A subshell with quantum number l contains (2l − 1) orbitals.
The total number of orbitals in a shell with principal quantum number n is n2 .

corresponds to a different principal quantum number n: the K shell is n = 1, the L shell is for n = 2, and so
in. Within each shell, there is a division in subshells labelled by the value of the angular quantum number
l. For example, the M shell (n = 3) has three subshells: s (l = 0), p (l = 1), and d (l = 2). For each
subshell there are 2l − 1 orbitals, corresponding to the possible values of the quantum number ml can take
in that subshell. The total number of orbitals in a shell with principal quantum number n is n2 . Both in the
hydrogen and in hydrogen-like atoms, there is a single electron that can occupy any of the orbitals shown in
Fig. 5.3.

5.4

Radial probability distributions

An important feature of using spherical coordinates in the description of the hydrogen atom is that one
needs some care when constructing the radial probability distributions out of the corresponding radial wave
functions. To illustrate this point, let us consider first of all the ground state of the hydrogen atom (orbital
1s, with n = 1 and l = 0). The corresponding radial wave function is given by
R0 (r) =

2
3/2
a0

e−r/a0 ,

(5.38)
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and the associated angular part of the wave function is given by
Y0,0 (θ, ϕ) = (4π)−1/2 ,

(5.39)

which can be combined to construct the total electronic wave function of the ground state of the hydrogen
atom:
1
(5.40)
Ψ0 (r, θ, ϕ) = R0 (r)Y0,0 (θ, ϕ) = p 3 e−r/a0 .
πa0
This wave function has a maximum for r = 0 and then decays exponentially for r > 0. Note that this wave
function does not depend on the angles θ and ϕ, and is thus spherically symmetric.
As has been discussed above, the fact that the wave function has a maximum at the origin is characteristic
of the electronic orbitals of type s, that is, those quantum states for which the angular momentum quantum
number vanishes (l = 0). As we will now show, this property does not imply that the electron has a finite
probability of being found at r = 0 (which would mean that the proton and the electron are at the same
position), as a consequence of the properties of spherical coordinates. Indeed, the probability to find a
electron at a position (x, y, z) specified in Cartesian coordinates is given by
P (x, y, z) = |Ψ(x, y, z)|2 dxdydz ,

(5.41)

where dxdydz represent the spatial volume where the electron is allowed to be found upon measurement. To
obtain the corresponding expression in the case of spherical coordinates, one needs to take into account the
Jacobian matrix for the change of variables given by
dxdydx =

∂(x, y, z)
drdθdϕ = r2 dr sin ϕdϕdθ .
∂(r, θ, ϕ)

(5.42)

Therefore we find that we need to add an extra prefactor when constructing the probability densities in
spherical coordinates.
Relation between probability densities and wave functions
In Cartesian coordinates, the relation between probability density and wave functions is
P (x, y, z) = |Ψ(x, y, z)|2 ,

(5.43)

that is, the probability density is proportional to the wave function squared. In spherical coordinates,
the radial and angular probability functions in terms of the corresponding wave-functions are
P (r) = r2 |Rn,l (r)|2 ,

P (θ, ϕ) = sin θ|Yl,ml (θ, ϕ)|2

(5.44)

with additional pre-factors arising from the Jacobian of the transformation between Cartesian and
spherical coordinates. Note also that due to separation of variables both P (r) and P (θ, ϕ) are
individually normalised,
Z

∞

Z
dr P (r) = 1 ,

0

π

Z
dθ

0

2π

dϕ P (θ, ϕ) = 1 .

(5.45)

0

Exploiting this information, we can now compute the probability density associated to the wave function
Page 74 of 182

Dr Juan Rojo

From Quantum to Molecule: Lecture Notes

February 19, 2020

for the ground state of the hydrogen atom, Eq. (5.38), finding
Z
P0 (r)dr

2π

dθ|Ψ0 (r)|2 r2 dr sin θ

0

0

=

π

Z
dϕ

=
1
πa30

2π

Z

π

Z

sin θdθr2 e−2r/a0 dr =

dϕ
0

0

4 2 −2r/a0
r e
dr ,
a30

(5.46)

and therefore the radial probability density P0 (r) associated to the ground state of the hydrogen atom is:
4 2 −2r/a0
,
r e
a30

P0 (r) =

(5.47)

where we have integrated over the angular variables, exploiting the fact that Ψ0 does not depend on the
angles (in statistics, we call this process marginalisation). When integrating over the angular variables, the
following relation is useful:
Z
Z
π

2π

dθ sin θ = 4π ,

dϕ

(5.48)

0

0

which is known as the total solid angle in three dimensions.

The result Eq. (5.46) indicates the probability of finding the electron in an interval of size dr at a
distance r from the proton. Note that while the wave function itself peaked at r = 0, Ψ0 (r = 0) 6= 0,
the associated probability vanishes at the origin, P0 (r = 0) = 0. This implies that the electron has a
vanishing probability of being found at the same position as the nucleus of the hydrogen atom.
By weighting with the probability Eq. (5.46), one can compute various average properties of the ground
state of the hydrogen atom. For instance, one can evaluate the expectation value for the distance r between
the electron and the proton in the ground state by means of the weighted average:
Z
hri =
0

∞

4
dr r P0 (r) = 3
a0

Z

∞

dr r3 e−2r/a0 dr =

0

3a0
6a4
4
.
× 0 =
a0
16
2

(5.49)

This result justifies why the Bohr radius a0 is good estimate for the average size of the hydrogen atom when
this occupies its ground state. To compute this integral, we have used the following result:
Z
0

∞

dx xn exp(−bx) =

n!
.
bn+1

(5.50)

It is also interesting to compute which is the most likely value of r, denoted by r∗ , where the electron will
be found. Note that in general this value will be different from the expectation value hri. To determine this,
we need to determine where the radial probability density P0 (r) has a maximum by imposing the condition:

∗
∗
dP0 (r)
4
8r∗
=0=
2r∗ + r∗2 (−2/a0 ) e−2r /a =
(1 − r∗ /a0 )e−2r /a ,
dr
a0
a0

(5.51)

which is satisfied by r∗ = a0 . Therefore we find that the Bohr radius a0 is the most likely value where the
electron will be found in the ground state of the hydrogen atom.
We show in Fig. 5.4 the radial probability distributions P (r) Eq. (5.46) for different electronic orbitals of
the hydrogen atom as a function of r/a0 . There are a number of interesting features that can be observed:
• The higher the value of n, the more likely it will be to find the electron far from the atomic nucleus.
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Figure 5.4: The radial probability distributions P (r), Eq. (5.46), for different electronic orbitals of the hydrogen atom
as a function of r/a0 . We find that the higher the value of n, the more likely it will be to find the electron far from
the atomic nucleus. We also find that for a given n, electrons occupying orbitals with l = 0 have a larger probability
of being found near the nucleus. All probability distributions vanish at the coordinate origin P (r = 0) = 0.

• For a given n, electrons occupying orbitals with l = 0 have a larger probability of being found near
the nucleus. Note that in all cases the probability distributions vanish at the origin of coordinates,
P (r = 0) = 0.
• s-type orbitals peak at a distance r larger than that of the p-type and other types of orbitals. This
means that the higher the value of l, the less spread a given electronic orbital is. In other words, d-type
orbitals are less spread than p-type orbitals which in turn are less spread than s-type orbitals.
Using a similar strategy as the one used for the ground state, it is possible to determine the radial
coordinate expectation value hri and the most likely radius r∗ for any (n, l) orbital of the hydrogen (or
hydrogen-like) atoms using the corresponding radial probability densities.
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Graphical representation of radial probability distributions
Consider a hydrogen atom in a quantum state defined by n = 3, l = 2, and ml = −2. We would
like to determine the most likely value of the radial coordinate r and sketch graphically the radial
probability distribution P (r) as a function of r/a0 . Up to overall normalisation factors, one has
R3,3 (r) ∝

r2 −r/3a0
,
e
a20

(5.52)

and therefore the corresponding radial probability distribution will be given by
P3,2 (r) = |R3,2 (r)|2 r2 ∝

r6 −2r/3a0
e
.
a40

(5.53)

To determine the most likely value of the radial coordinate r, define variable y = r/a0 so that
P3,2 (y) ∝ y 6 e−2y/3 ,

(5.54)

dP3,2 (y)
= 0 = 6y 5 e−2y/3 − (2/3)y 6 e−2y/3 .
dy

(5.55)

whose local extrema are given by

This equation has two solutions, y ∗ = 0 and y ∗ = 9. Since the wave function vanishes for r∗ = 0,
we know that this is a minimum. Therefore the only maximum of the radial probability distribution
function is r∗ = 9a0 . With this information, and using the fact that P (r) vanishes at both r = 0 and
r → ∞, we can sketch this function in Fig. 5.5.

5.5

Hydrogen-like atoms

The solutions that we have found for the hydrogen atom can be easily generalised to the case of hydrogen-like
atoms, which are defined as atoms that have Z protons and A − Z neutrons but only a single electron. One
example of this would be the Helium atom if one of its two electrons has been stripped off, or Lithium if two
of its electrons have been removed.
In hydrogen-like atoms, the only difference as compared to the derivation of the hydrogen atom would
be to replace e2 by Ze2 in the effective potential of the radial wave function, Eq. (5.19). Therefore the only
difference at the level of radial wave functions would be to replace Bohr’s radius a0 by
aZ,0 =

4π0 ~2
a0
=
,
2
me Ze
Z

(5.56)

or in other words, replacing a0 in the solution of the hydrogen atom for a0 /Z in the case of hydrogen-like
atoms. For the three lowest energy states, the expression for the radial wave functions of hydrogen-like atoms
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n = 3, l = 2, ml = 2 Orbital of the Hydrogen Atom
P3, 2(r/a0)

1.4
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0.2
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10
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15
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Figure 5.5: Graphical representation of the radial probability distribution for the (3, 2, −2) orbital of the hydrogen
atom. Note how this distribution is peaked for r∗ = 9a0 .
are given by

R1,0 (Z, ρ)

=

2

R2,0 (Z, ρ)

=

1
√
8

R2,1 (Z, ρ)

=

Z
a0


3/2

e−Zρ/2 ,

3/2
Z
(2 − ρ)e−Zρ/2 ,
a0
 3/2
1
Z
√
ρe−Zρ/2 .
24 a0

(5.57)

On the other hand, the angular part of the wave function, given by the spherical harmonics Yl,ml (θ, ϕ), is
the same for hydrogen and hydrogen-like atoms.
In hydrogen-like atoms, the atomic size now will be smaller than the one of the hydrogen atom by a factor
1/Z. This can be understood from the fact that having now Z protons instead of one creates a stronger
electrical attraction with the electron, and therefore the electron is more likely to be found closer to the
atomic nucleus.

5.6

General properties of the p- and d-type orbitals

Since we have devoted some attention to the discussion of the s-type orbitals of the hydrogen atom, including
the ground state of the system, let us now discuss some of the general properties of the p-type and d-type
orbitals, starting with the former, and then continuing with the later.

Page 78 of 182

Dr Juan Rojo

From Quantum to Molecule: Lecture Notes

February 19, 2020

p-type orbitals. The p-type orbitals are defined by an angular quantum number l = 1, and therefore a ptype subshell contains three orbitals, with ml = −1, 0 and 1 respectively. The corresponding wave functions
can be constructed by combining the radial Rn,l (r) and angular Yl,ml (θ, ϕ) components of the wave function.
For example, for the 2p orbital, defined by the n = 2 and l = 1 quantum wave numbers, in the case that
ml = 0 we have that
 3/2
1
1
R2,1 (ρ) = 1/2
ρe−ρ/2
(5.58)
a
24
 1/2
3
cos θ ,
(5.59)
Y1,0 (θ, ϕ) =
4π
so here the wave function is symmetric with respect to the azimuthal angle ϕ. Combining the radial and
angular components, we have the following wave function for the 2p0 orbital of the hydrogen atom.
Ψ2p0 (r, θ) = R2,1 (r)Y1,0 (θ) =

1
4(2π)1/2



1
a0

5/2

r cos θe−r/2a0 = r cos θf (r) = zf (r) ,

(5.60)

where we have used that in spherical coordinates z = r cos θ, and we have defined the function f (r) that
depends only on the radial coordinate f (r) as follows:
f (r) ≡

1
4(2π)1/2



1
a0

5/2

e−r/2a0 .

(5.61)

Note that denote the orbital with quantum numbers (n, l, ml ) = (2, 1, 0) as 2p0 , which is a more compact
notation. So we find that the wave function can be written as a radial function f (r) multiplied by z.
As discussed above, the wave functions for hydrogen-like atoms can be readily obtained from the wave
functions of the hydrogen atom by means of the replacement a → a/Z. To illustrate this, the wave function
for the 2p0 orbital of an hydrogen-like atom with atomic number Z would be given by
Ψ2p0 (r, θ) = R2,1 (r)Y1,0 (θ) =

1
4(2π)1/2



Z
a0

5/2

r cos θe−Zr/2a0 = r cos θf (r) = zf (r) .

(5.62)

The wave function of the 2p0 orbital, Eq. (5.60), vanishes everywhere in the plane z = 0, which is for
this reason called a nodal plane. We also see that the wave function is positive for z > 0 and negative
for z < 0, and that moreover it satisfies the reflection property that Ψ2p0 (r, z) = −Ψ2p0 (r, −z).
From its mathematical structure, we also see that for a given value of z, the wave function of the 2p0 orbital
will be symmetric with respect to the distance from the origin of coordinates r (the distance to the atomic
nucleus), with
f (r) ∝ e−r/2a0 ,
(5.63)
and that the wave function vanishes exponentially for r  2a0 . Putting together all these properties, we can
represent graphically the 2p0 orbitals of the hydrogen atom as in Fig. 5.6. To be precise, there we represent
the boundaries or the orbitals, defined as the volumes that contain a given fraction of the total electron
probability. Formally, the electronic orbitals extend to arbitrary high r.
We can observe the following properties of the 2p0 orbitals displayed in Fig. 5.6:
• The orbitals vanish in the nodal plane z = 0.
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Figure 5.6: Schematic representation of the 2p0 (also denoted as 2pz ), 2px , and 2py orbitals of the hydrogen atom.
Note that each of these orbitals exhibits a nodal plane for z = 0, x = 0, and y = 0 respectively.
• The orbitals are symmetric with respect to this nodal plane, since |Ψ2p0 (r, z)|2 = |Ψ2p0 (r, −z)|2 .
• The orbitals vanish for large r.
• The orbitals exhibit polar symmetry for a given value of z: they depend only on r but not on the
angular variables.
Similar symmetry properties apply for the other 2p orbitals. For orbitals with quantum numbers ml = 1
and ml = −1, the corresponding wave functions for the hydrogen atom will be given by:
Ψ2p±1 = R2,1 (r)Y1,±1 (θ, ϕ) = ∓

1
8π 1/2



1
a0

5/2

r sin θe±iϕ e−Zr/2a0 ∝ ∓r sin θe±iϕ f (r) ,

(5.64)

These wave functions are now complex quantities, so they cannot be plotted directly. To facilitate their
interpretation, we note that since Ψ2p1 and Ψ2p−1 are two degenerate eigenfunctions (meaning that they
have associated the same energy), then by the properties of quantum mechanics we known that any linear
combination of them will also be an eigenfunction of the Schroedinger equation. With this motivation, we
define the following two linear combinations:

1
Ψ2px ≡ − √ Ψ2p1 − Ψ2p−1 = r sin θ cos ϕf (r) = xf (r) ,
2

(5.65)


i
Ψ2py ≡ √ Ψ2p1 + Ψ2p−1 = r sin θ sin ϕf (r) = yf (r) ,
2

(5.66)

again using the definition of spherical coordinates. Therefore we observe that these 2px and 2py orbitals
share the same symmetry property as the 2p0 (2pz ) orbitals, namely having a nodal place for which the wave
function vanishes. Moreover, this nodal plane is also a symmetry plane: the wave function is symmetric (up
to an overall sign) with respect to this nodal plane. Therefore, as shown in Fig. 5.6, the px and py orbitals
are nothing but a rotated version of the pz orbitals (left panel in the Figure).
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As opposed to the s-type orbitals, the p-type orbitals are not rotationally symmetric. It can be shown
that instead all the orbitals of the hydrogen atom on the s-type orbitals are rotationally symmetric.

General results for the nodal planes. It can be shown that the radial part of the electron wave function
Rn,l (r) has n − l − 1 nodal planes, that is, planes where the wave function vanishes. This follows from the
mathematical structure of the wave functions of the hydrogen atom. For example, p orbitals with l = 1, will
have associated n − 1 nodal planes, and indeed we have seen that the n = 2 p-type orbitals have a single
nodal plane associated. On the other hand, the angular wave function Yl,ml has l nodal planes. So in total,
we see that an orbital defined by the quantum numbers n and l has (n − l − 1) + (l) = n nodal planes in
its wave function. You can verify explicitly this property with the explicit expressions of the wave functions
that we have presented in this section.

Summary
To summarize, some important concepts that we have learned in this lecture are the following:
• The allowed quantum states for the electrons in a hydrogen (or hydrogen-like) atom are called electronic
orbitals, and are characterised by three quantum numbers: (n, l, ml ).
• The principal quantum number n determines the energy of the orbital and the average distance hri
with respect to the nucleus. It fixes the main electronic shell structure.
• Despite the fact that for l = 0 the radial part of the electron wave function vanishes for r = 0, the
associated probability density is P (r = 0) = 0 due to the Jacobian of the transformation from Cartesian
to spherical coordinates.
• The angular momentum quantum numbers l and ml determine the subshell structure. Within each
shell defined by n, there will be l subshells each filled by 2l + 1 orbitals.
• The s-type orbitals (l = 0) exhibit rotational symmetry, while the p-type orbitals are instead symmetric
with respect to a nodal plane where the wave function vanishes.
In the next lecture, we will study the electronic structure of the rest of the atoms that define the other
elements of the periodic table: we will move from single-electron atoms to multi-electron atoms.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
Chapters in textbook
• 8A.1: The structure of hydrogenic atoms.
• 8A.2: Atomic orbitals and their energies.
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6

HC6: Multi-electron atoms and the electron spin

In this lecture, we discuss how to apply the concepts that we learned in HC5 about the quantum mechanics
of the hydrogen atom to more complex elements, in particular to multi-electron atoms. Since moving beyond
the two-body problem the Schroedinger equation does not admit an analytical solution, we will need to adopt
a number of approximations. We will start by Helium, composed by two electrons, and then study atoms
with three electrons or more.

The learning goals of this lecture are:
(a) Applying the quantum mechanics of the hydrogen atom to the understanding of the electronic
structure of multi-electron atoms.
(b) Using well-motivated approximations to express the orbitals of multi-electron atoms in terms
of those of the hydrogen system.
(c) Becoming familiar with the concepts of spin, Pauli exclusion principle, and fermions and bosons,
and the role they play in the quantum mechanics of the electrons.
(d) Using the building up principle and Hund’s role to determine the electronic structure of multielectron atoms.

6.1

The helium atom

In the previous lecture, we have studied the quantum mechanics of simplest possible of all chemical elements:
the hydrogen atom, composed only by one proton and one electron. We have derived the wave functions
for this system as well as for hydrogen-like atoms, that is, heavier elements with only one electron. Now
we move to study more complicated atoms, in particular atoms with multiple electrons. We will start with
the helium atom, which is the next-to-simplest atom since it contains only two electrons, and then apply
the same ideas to atoms with more electrons. As we will show, we will base our study heavily on applying
the same ideas and concepts that have appeared in the case of the hydrogen atom, and construct the wave
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functions of multi-electron atoms using the hydrogen atom wave functions as building blocks, in terms of
the so-called orbital approximation.
We start this lecture with the next-to-simplest atom after the hydrogen atom: the helium (He) atom. A
helium atom is composed by a nucleus with two protons and two neutrons (hence Z = 2 and A = 4) and two
electrons. Since we always assume the atomic nucleus to be point-like (the nuclear radius is much smaller
than the atomic radius), we have to solve in principle a three-body problem: the coupled motion of the two
electrons and the atomic nucleus. As opposed to the two-body problem (the hydrogen atom) where a fully
analytical solution was possible, for the case of the three-body problem it will become necessary to introduce
a number of approximations.3
The associated Schroedinger equation for the helium atom is given by
b =
HΨ



2e2
~2 2
2e2
e2
~2 2
−
∇1 −
−
∇2 −
+
Ψ = EΨ ,
2me
4π0 r1
2me
4π0 r2
4π0 r12

(6.1)

where r1 is the distance between the nucleus and the first electron, r2 is the distance between the nucleus
and the second electron, and r12 is the distance between the two electrons. The kinetic terms ∇21 and ∇22 act
on the coordinates of the first (~r1 ) and second (~r2 ) electrons respectively, see Eq. (5.3) for their definition.
In addition to the kinetic terms for the two electrons, we also have the two Coulomb potentials representing
the attraction between each of the two electrons and the atomic nucleus, as well as the repulsive Coulomb
potential between the two electrons (since they are both negatively charged). Note that we have used Z = 2
in the Coulomb potential between each of the electrons and the He nucleus.
The main difference between the Schroedinger equations for the hydrogen and for the helium atoms,
Eq. (6.1), is that while the former admits an analytical solution, this is not possible for the latter, and therefore we are forced to adopt a number of approximations. The method that we will adopt in this discussion
is the so-called orbital approximation:
The orbital approximation
In this approximation, one assumes the wave function of the two-electron system can be expressed as
the product of the wave function of the individual electrons, namely one writes
Ψ(~r1 , ~r2 ) = Ψ(~r1 )Ψ(~r2 ) .

(6.2)

This assumption is based on neglecting the repulsive interaction between the two electrons. Indeed,
the orbital approximation is exact if the term e2 /4π0 r12 is removed from Eq. (6.1).
Within this approximation, the Schroedinger equation Eq. (6.1) for this system simplifies to:

b =
HΨ

−

~2 2
2e2
~2 2
2e2
∇1 −
−
∇2 −
2me
4π0 r1
2me
4π0 r2


Ψ = EΨ ,

(6.3)

which now can be solved analytically. To see this, note that we can write using Eq. (6.2)




b = H
b1 + H
b 2 Ψ(~r1 , ~r2 ) = H
b1 + H
b 2 Ψ1 (~r1 )Ψ2 (~r2 ) ,
HΨ

(6.4)

b 1 is the Hamiltonian of a hydrogen-like atom with Z = 2 for the first electron and H
b 2 the same for
where H
3 Actually

there does not exist a known solution of the three body problem: the system is inherently chaotic.
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the second electron. In this situation, it is clear that then Ψ1 (~r1 ) will be the wave functions of the hydrogen
atom, since Eq. (6.4) can be written in that case as




b = H
b 1 Ψ1 (~r1 ) Ψ2 (r2 ) + Ψ1 (~r1 ) H
b 2 Ψ2 (r2 ) = (E1 + E2 ) Ψ1 (~r1 )Ψ2 (r2 ) .
HΨ

(6.5)

Therefore, we have shown that if we neglect the repulsive Coulomb interaction between the two electrons of
the helium atom, we can derive an analytic solution for the wave function in terms of the wave functions of
the hydrogen atom, with the total energy of the system being given by
E = E1 + E2 ,

(6.6)

namely the sum of the individual energies of the two electrons. However, one still needs to account in some
form for the effect that each electron has on the other, and this is achieved by means of a concept known as
the effective electric charge.
The effective electric charge Zeff . The basic assumption that underlies the orbital approximation that
we have used in Eq. (6.4) is that the motion of the two electrons in the system is uncorrelated between them:
it is not affected by its mutual repulsive interaction. However, we know that this is not the case: the mutual
repulsion between the two electrons will modify their motion around the nucleus to some extent. While we
cannot compute fully this effect, we can account for it in an approximate manner.
The effective electric charge
In multi-electron atoms, one electron feels the average presence of the other electron. For example,
for some configurations the two electrons will have little overlap, while for other configurations they
will be on average closer. So effectively, the total positive electric charge felt by the electron will be
smaller than the value Z from the protons in the nucleus, since the presence of the other electron
will be reducing it. One then defines the effective charge of the atomic nucleus as the one that one
electron experiences due to the smearing induced by the presence of the other electron.
In the case of the helium atom, we will have that this smearing will lead to an effective charge Zeff < Z = 2
smaller than the number of protons in the nucleus. This effect is also known as shielding: the positive charge
of the nucleus felt by a given electron is partially shielded by the other electrons that are also orbiting
around it. In this case, this effective electric charge of the nucleus turns out to be Zeff = 1.62. Note that in
principle the value of Zeff can be different depending on the specific orbital, but for the He atom with only
two electrons it is the same for all electronic orbitals. Putting everything together, combining the orbital
approach for the Helium wave function in Eq. (6.2) with the concept of effective charge of the atomic nucleus,
we can construct our approximation for the electronic wave functions of the helium atom. For instance, if
the two electrons occupy the 1s orbital, then the wave function of the helium atom will be given by
3/2

Ψ(~r1 , ~r2 )

=

Ψ1s (~r1 ) × Ψ1s (~r2 ) =

=

3
Zeff
e−Zeff (r1 +r2 )/a0 ,
πa30

3/2

Zeff
Zeff
e−Zeff r1 /a0 ×
e−Zeff r2 /a0
3
1/2
(πa0 )
(πa30 )1/2
(6.7)

with Zeff = 1.62. Therefore, we have shown how within the orbital approximation one can construct the
wave functions for the electronic orbitals of the helium atom in terms of the wave functions that we derived
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The Stern-Gerlach experiment

Figure 6.1: Schematic representation of the Stern-Gerlach experiment. A beam of atoms passes through a magnetic
field perpendicular to their direction of motion. The beam is then deflected in two possible ways, indicating that the
silver atoms are characterised by some form of internal angular momentum that can take only two values of same
size but opposite sign, rather than a continuum of values as one could expect from classical theory.

in the previous chapter for the hydrogen-like atoms.
Before we can discuss how to generalise these ideas to more complex atoms such as Li (Z = 3, composed
by three electrons), we need to discuss in some detail one of the foundational concepts of quantum mechanics:
spin. The reason is that we have stated above as an obvious fact that two electrons can occupy the same
quantum orbital, but actually this is not possible unless we introduce a new property, spin, that does not
have an analog in classical theory.

6.2

Spin in quantum mechanics

Many introductions to quantum mechanics trace back the discovery of quantum property of spin to the
Stern-Gerlach experiment. In this experiment, a bunch of silver atoms was beamed through a magnetic
~ perpendicular to their direction of motion, as represented schematically in Fig. 6.1, therefore being
field B
deflected before impacting on a detector screen. Classically, the atoms could be deflected in principle in any
direction, since the force that the magnetic field exerts on the silver atoms. The reason is that the torque
~ is
acting on the magnetic moment µ
~ of the silver atoms in the presence of a external magnetic field B
~.
~τ = µ
~ ×B

(6.8)

where µ
~ ∝ J~ proportional to the total angular momentum of the silver atoms. Classically, the angular
momentum of the silver atoms can take any value so one expects a continuum values for the torque and thus
for the direction of deflection.
However, what the experiment found was that the silver atoms where deflected only in two directions (as
opposed to a continuum), symmetrically with respect their original direction of motion. This result implies
the silver atoms are characterised by some form of angular momentum that can take only two values of same
size but opposite sign.
It was later understood that this angular momentum associated to silver atoms arises from the intrinsic
magnetic moment of the electron in the outer atomic shell. We denote by spin this intrinsic angular momentum of the electron. We can naively think of spin as the angular momentum arising from the rotation of the
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electron along some axis, but this classical picture cannot really be true in the case of point particles and
quantum mechanics. It is better to think of the spin as another type of charge of the electron, not unlike the
electric charge. Therefore one can state that in quantum mechanics:
• Particles such as electrons and protons have associated a new quantum number denoted by spin s,
which corresponds to a form of intrinsic angular momentum.
• For a particle characterised by a spin quantum number s, its spin can be aligned in 2s − 1 different
directions (in the same way as for the orbital angular momentum), given by −s, −s + 1, . . . , s − 1, s.
• Therefore, since an electron has spin quantum number s = ~/2, the component of the spin vector in
the z direction can be either +~/2 and −~/2. As we will see, in the same way as that orbital angular
momentum had associated the (l, ml ) pair of quantum numbers, also for spin we have the (s, ms )
combination, where for an electron ms = ±1/2, since s = ~/2 and its component in the z-direction
sz = ±~/2.
This discussion about the properties of the electron spin will provide useful when constructing the electronic structure of multi-electron atoms: in addition to the the three quantum numbers (n, l, ml ) that define
the wave functions of the electron atom, we will need now to specific also the value of spin quantum number
ms of the electron (that is, the projection of its spin along the z direction) in order to uniquely identify a
given electronic orbital. Indeed, the existence of the electron spin is an important factor to determine the
electronic orbital structure of multi-electron atoms.
The vector model of spin. As illustrated in Fig. 6.2, one can represent the spin of a s = ~/2 particle as
a vector ~s restricted to a cone pointing in the z direction. This model is defined by the following properties:
• For a particle with spin s, then ms can take 2s + 1 values, which means 2 values for an electron (since
s = 1/2 in units of ~).
• The projection of ~s along the z axis is always either sz = +~/2 or sz = −~/2, depending on whether
the corresponding spin quantum number ms is ms = 1/2 or ms = −1/2.
p
• The size of this vector is |~s| = s(s + 1)~, which corresponds to the total magnitude of spin angular
p
momentum of the electron. For a spin 1/2 particle this is |~s| = 3/4~.
This property can be understood as follows. Any measurement of one of the three components of the
spin vector will always return either +~/2 or −~/2. Therefore, if we add them together, the total
magnitude of the spin vector can be obtained from using Pythagoras’s theorem, which gives:
|~s| = (~/2)2 + (~/2)2 + (~/2)2

1/2

 p
= 3 × (~/2)2 = 3/4~ ,

(6.9)

as we wanted to demonstrate.
• Note that in this model the projections along the x and y axis are not defined, and would be determined
at random upon the corresponding measurement: even if ms is fixed, the spin vector ~s can still take
any position in the corresponding cone.
Visualizing spin as in Fig. 6.2 is not completely rigorous, but will prove to be rather useful in the following.
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Figure 6.2: One can represent the spin of a s = ~/2 particle as a vector ~s sitting in a cone along the z direction.
The projection of ~s along the z axis is always either
p sz = +~/2 or sz = −~/2, depending on whether ms = 1/2 or
ms = −1/2. The magnitude of this vector is |~s| = s(s + 1)~, which corresponds to the total spin angular momentum
of the electron. Note that the projections along the x and y axis are not defined, and would be determined at random
upon the corresponding measurement: even if ms is fixed, the spin vector ~s can still take any position in the
corresponding cone.

6.3

Fermions and bosons: spin and statistics

In quantum mechanics, the spin of a particle determines several of its most important properties. In terms
of their spin, particles can be divided into two classes:
• Fermions: particles with half-integer spin: ~/2, 3~/2, . . .
• Bosons: particles with integer spin: 0, ~, . . .
Concerning the particles that will be relevant for this course, we have that both electrons, protons, and
neutrons are fermions with spin s = ~/2. On the other hand, the total spin of an atom will be determined
by the vectorial sum of the spin of its component electrons, leading to the fact that atoms can be either
bosons (integer spin) or fermions (half-integer spin) depending on the specific electron configuration. In most
cases, the configurations of the outermost electronic orbitals are the ones that determine the overall value of
the spin of an atom.
The main difference between fermions and bosons is related to the fact of whether or not two identical
particles can occupy the same quantum state. To illustrate this property, let us consider a simple system
composed by two identical particles, say two electrons, one at position x1 and the other at position x2 . For
this system composed by two particles, its wave function can be separated in terms of the individual wave
functions:
Ψtot (x1 , x2 ) = Ψ1 (x1 )Ψ2 (x2 ) .
(6.10)
Now let us exchange the positions of the two particles x1 → x2 and x2 → x1 . The new wave function of the
system will be
e tot (x1 , x2 ) = Ψ1 (x2 )Ψ2 (x1 ) .
Ψ
(6.11)
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However, since the particles are identical, all physical information that I can extract from the system should
be the same as before exchanging their positions. This requirement implies square of the wave function
(which determines the probability of finding the system in a given quantum state) should be unchanged,
that is,
e tot (x1 , x2 )|2 ,
|Ψtot (x1 , x2 )|2 = |Ψ
(6.12)
which implies that the wave function itself can only vary up to a complex phase,
e tot (x1 , x2 ) = eiφ Ψtot (x1 , x2 ) .
Ψ

(6.13)

Moreover, if we exchange back again the positions of the two particles, one is back to the starting configuration
Eq. (6.10), and then the wave function should be the same as before. This implies that
e2iφ = 1

→

eiφ = ±1 .

(6.14)

This exercise tells us that identical quantum particles can behave only on two ways if they exchange
positions (or more in general, if they exchange quantum states) within a system:
• either the wave function of the system remains unchanged,
• or else it gets a minus sign.
We denote the first class of particles as bosons. Therefore, the wave function of a system composed by bosons
is symmetric upon the exchange of two identical particles:
e bosons (x1 , x2 ) = Ψbosons (x1 , x2 ) ,
Ψ

(6.15)

while we denote the second class of particles as fermions, for which under the same operation the wave
function is instead antisymmetric:
e fermions (x1 , x2 ) = −Ψfermions (x1 , x2 ) .
Ψ

(6.16)

Note that there is no other option: upon the interchange of two identical particles, the wave function of the
system is either symmetric (for bosons) or antisymmetric (for fermions).

6.4

The Pauli exclusion principle and two-electron systems

The most important implication of this difference between fermions and bosons is the so-called Pauli exclusion
principle. Its derivation follows directly from the previous discussion. Consider the wave function of a system
composed by two identical fermions that occupy the same position (again, more in general, that they occupy
the same quantum state). We know that the total wave function will be antisymmetric upon the exchange
of these two fermions, and therefore one finds that
ψfermions (x1 , x1 ) = −ψfermions (x1 , x1 ) = 0 ,

(6.17)

implying that:
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The Pauli exclusion principle
Two fermions cannot occupy simultaneously the same quantum state.
This principle implies a given quantum state, characterised by a set of quantum numbers, can only be
occupied by one fermion at a time. Since electrons are fermions, this principle has important consequences
for the electronic structure of multi-electron atoms. On the other hand, bosons can occupy the same quantum
state without no limitations, since they have a symmetric wave function upon the exchange of two identical
particles
ψbosons (x1 , x1 ) = +ψbosons (x1 , x1 ) 6= 0 .
(6.18)
In the context of the orbital structure of multi-electron atoms, the Pauli exclusion principle tells us that
two electrons cannot occupy the same quantum state. This implies that a given orbital, defined by the
quantum numbers (n, l, ml ), can contain at most two electrons, one with spin quantum number ms = +1/2
and the other with spin quantum number ms = −1/2. It follows that if two electrons occupy the same
orbital then they must have spins pointing in opposite direction.
Paired and unpaired electrons
We define as paired electrons two electrons with opposite spin that occupy the same quantum state.
Unpaired electrons are those with spins pointing in the same direction, and that therefore due to
the Pauli exclusion principle cannot occupy the same electronic orbital. A given atomic orbital can
therefore be occupied at most by a couple of paired electrons, else the Pauli exclusion principle would
not be satisfied.
From the Pauli exclusion principle, it follows that each electronic orbital can at most be occupied by
two electrons at the same time. Therefore, the two-electron system plays an important role in the study of
multi-electron atoms. Here we now discuss the various ways in which we can combine two electrons taking
into account the contributions from their spin.
In the following, we indicate by |+i the quantum state corresponding to an electron with spin pointing
in the positive direction along the z axis (thus ms = +1/2), and by |−i the same electron pointing in the
negative direction (thus ms = −1.2). Within the vector model of the electron spin, represented schematically
in Fig. 6.2, any state for which the spin vector lies in the upper cone will have associated a |+i while if we
vector lies in the lower cone they will have associated a |−i. With this notation, we can then construct the
following combinations for the two-electron system
• Two electrons pointing upwards: |+i1 |+i2 ≡ |++i.
• Two electrons pointing downwards: |−i1 |−i2 ≡ |−−i.
• One electron upwards, another downwards: |+i1 |−i2 ≡ |+−i or |−i1 |+i2 ≡ |−+i.
Recall that quantum particles such as electrons are indistinguishable: we cannot really label one electron
as “1” and the other as “2”, since it is not possible to tell them apart. Therefore the spin configurations
|+−i and |−+i are not physically meaningful, since they assume that we can tell one electron apart from
the other. We should instead construct linear combinations of these which have a more transparent physical
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interpretation. With this motivation we define:
σ+

≡

σ−

≡

1
√ (|+−i + |−+i) ,
2
1
√ (|+−i − |−+i) .
2

(6.19)
(6.20)

The rationale between choosing these combinations is the following. The first combination, σ+ , is symmetric
under the exchange of the two particles of the system. The second combination, σ− , is instead antisymmetric
with respect to such exchange. Note that in these combinations specifying which ones is “electron 1” and
“electron 2” is irrelevant: the same property holds irrespective of how one does the assignment. The overall
√
factor 1/ 2 has been added to ensure the normalisation of the two-electron wave function.
Summarizing, the four possible spin configurations that can be physically constructed for a two electron
system are the following:
|++i

σ+
σ−

|−−i
1
= √ (|+−i + |−+i) ,
2
1
= √ (|+−i − |−+i) .
2

(6.21)

One should emphasize that the fact that we can construct these four combinations does not mean that all
of them can be realised in an specific physical system. Indeed, out of these four configurations, only σ− is
antisymmetric under the exchange of the two electrons as required by the Pauli exclusion principle. Therefore, we obtain the following important result:

For two electrons that occupy the same atomic orbital Ψn,l,ml , only one specific combination of radial
and spin wave functions can be constructed, Ψn,l,ml (r~1 )Ψn,l,ml (r~2 )σ− in s way that satisfies the Pauli
exclusion principle. Indeed, we see that despite the fact that the spatial part of the wave function,
Ψn,l,ml (r~1 )Ψn,l,ml (r~2 ), is symmetric under the exchange of the two electrons, the total wave function
is antisymmetric as required for a system of fermions since σ− → −σ− upon the exchange of the two
electrons. On the other hand, for electrons that occupy different orbitals this restriction does not
apply, and for example Ψn1 ,l,ml (r~1 )Ψn2 ,l,ml (r~2 )σ+ with n1 6= n2 is an allowed wave function.
Depending on the relative orientation of the spins of a two electron system, we can divide them as:
• A system of two paired electrons is called a singlet state, it has total spin S = 0, and the spin component
of the wave function is σ− , Eq. (6.20). Note we use upper case notation, S, to denote the total spin of
the two electron system.
• A system of two unpaired electrons is called a triplet state. Such triplet state has a total spin of S = 1.
The spin configurations of the triplet states |++i, σ+ , and |−−i have associated a value of the total
spin component in the z direction of SZ = +1, 0, −1, respectively.
The way how the total spin S and its z-projection Sz are constructed from the spins of the two individual
electrons for the various configurations is represented schematically in Fig. 6.3. There we use the same
representation of ~s as a vector restricted to lie in the surface of a cone along the z direction as was used in
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Figure 6.3: Schematic representations of the different possible spin configurations in a two-electron system in terms
of the vector model for the spin. In the left plot, we show the singlet state of paired electrons, where the total spin
of the system is S = 0. The first electron has ms = +1/2 (thus lying in the upper cone) and the second electron has
ms = −1/2 (thus lying in the lower cone). Note that also their spin components in the x and y directions are the
opposite. In the right plot of the figure, we show the three possible triplet configurations, each with total spin S = 1.
They differ in the values of the spin projections along the z axis, sz . From top to bottom we have the configurations
with ms = +1, ms = 0, and ms = −1 respectively. Note how the total value of ms of the two electron system is the
sum of that of the individual electrons.

Fig. 6.2 and in the corresponding discussion. In the left plot, we show the singlet state of paired electrons,
where the total spin of the system is S = 0. The first electron has ms = +1/2 (thus lying in the upper cone)
and the second electron has ms = −1/2 (thus lying in the lower cone). Note that also their spin components
in the x and y directions are the opposite. In the right plot of the figure, we show the three possible triplet
configurations, each with total spin S = 1. They differ in the values of the spin projections along the z axis,
sz . From top to bottom we have the configurations with MS = +1, MS = 0, and MS = −1 respectively.
Note how the total value of Ms of the two electron system is the sum of that of the individual electrons. For
example, for the upper configuration, we have MS = ms + ms = 1/2 + 1/2 = +1.

6.5

Multi-electron atoms and the building-up principle

The above discussion on the electronic spin completes our study of the helium atom, the next-to-simplest
chemical element with Z = 2. We now to discuss how the electrons distribute themselves among the electronic orbitals of more complex elements, with Z ≥ 3. In this discussion, we will keep using the orbital
approximation, which assumes that the electronic orbitals of multi-electron atoms can be written as a com-
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bination of the orbitals of hydrogen-like atoms with suitable modifications such as that the the effective
electric charge.
Shielding in multi-electron atoms. We have already introduced the concept of effective electric charge
Zeff in multi-electron atoms in Sect. 6.1. The idea is that in an multi-electron atoms with Z protons, the
effective charge that one electron experiences is Zeff < Z due to the combined effect of the smearing from the
other electrons. This same idea can be expressed in terms of shielding: namely, each of the electrons in an
atom partially shields the positive electric charge of the atomic nucleus for all other electrons. We therefore
define the shielding constant σ as follows:
Zeff = Z − σ ,
(6.22)
where the specific value of σ is different element by element and also varies within orbitals.
To illustrate this point, we know already that s-type orbitals have a higher likelihood to be found close to
the nucleus at r = 0 (see Fig. 5.4 and the corresponding discussion), and therefore the effective charge that
they experience will be larger than that of the p-type orbitals, which on average are further away from the
protons in the nucleus. This effect can be observed from the table below, which compares the value of the
effective electric charge Zeff of Helium with that associated to the different orbitals of Carbon (with Z = 6):
Element

Z

Orbital

Zeff

He

2

1s

1.6875

C

6

1s
2s
2p

5.6727
3.2166
3.1358

For similar reasons, the value of the shielding constant for d-type orbitals will also be different than for the
s- and d-type orbitals: an electron in a d-type orbital is on average more likely be found farther from the
nucleus than that of an p-type orbital, and thus one expects a more intense shielding. We can also see that
for a given type of orbital, say a s-type orbital, the shielding constant will be larger for more excited states
with larger n, which on average are found farther from the atomic nucleus.
Therefore, if we denote by σn,l the shielding constant associated to an orbital with quantum numbers
(n, l), we will have the following rules of thumb:
• For orbitals with a fixed principal quantum number n, the larger the value of l the higher the value of
the shielding constant, for example we have that
σ3,s ≤ σ3,p ≤ σ3,l .

(6.23)

• For orbitals with a fixed angular quantum number l, the larger the value of the principal quantum
number n the higher the value of the shielding constant, for example we have that
σ1,s ≤ σ2,s ≤ σ3,s .

(6.24)

Note also that this is not a fundamental rule and that there are exceptions to the above general principle.
The building up (aufbau) principle. In order to fill the electron orbitals of a given multi-electron atom,
one must follow the so-called building up or aufbau principle, which determines the filling order of the orbitals
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filling orbitals in
multi-electron atoms
the Aufbau principle
Figure 6.4: Left panel: the building up principle determines the ordering of the filling of electronic orbitals in multielectron atoms. This order is determined by the values of the quantum numbers n and l, and ensures that the free
orbitals with lower energies are always filled first. Right panel: example of the filling of atomic orbitals for iron (Fe),
with Z = 26. Note that within a given sub-shell, electrons first occupy empty orbitals before starting to pair within
the same orbital. For a subshell with angular quantum number l, there are 2l + 1 orbitals that can be occupied (each
by at most two electrons).

as a function of their energy::
The building up principle
In a multi-electron atom, electrons will always fill the free orbital which has the lowest energy. Once
this orbital is completely filled, electrons will start to occupy the next free orbital with the lowest
energy, and so on.
We should be careful since this is not a fundamental principle but rather a rule of thumb, and the order
of the filling of electronic orbitals in some atoms differs from that indicated by the aufbau principle. The
specific order in which electronic shells should be filled according to the building up principle is represented
in Fig. 6.4. When expressing orbitals in terms of their quantum numbers (n, l), we see that the filling order
will be:
1s → 2s → 2p → 3s → 3p → 4s → 3d → 4p → . . . .
(6.25)
Note that depending on the value of l, some orbitals with n2 > n1 will be filled before the n1 shell is
complete. For example, the 4s orbital should be filled before the 3d orbital according to the building up
principle. Recall also that the number of electrons that fill a given subshell depends on the value of l: for
s−type orbitals we can fit two electrons, for p-type orbitals we can fit six electrons and so on. Orbitals with
angular quantum number l can accommodate up to 4l + 2 electrons once we take their spin into account.
It is instructive to show how the building up principle is applied for different elements. As we will show,
the results of this filling of electronic shells also provides useful information to understand the chemical
behaviour of the different elements.
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• The electronic structure of lithium (Li, Z = 3) is 1s2 2s1 .
• The electronic structure of beryllium (Be, Z = 4) is 1s2 2s2 .
• The electronic structure of nitrogen (N, Z = 7) is 1s2 2s2 2p3 .
• The electronic structure of neon (Ne, Z = 10) is 1s2 2s2 2p6 .
• The electronic structure of phosphorus (P, Z = 15) is 1s2 2s2 2p6 3s2 3p3 = [Ne]3s2 3p3 .
• The electronic structure of sulphur (S, Z = 16) is 1s2 2s2 2p6 3s2 3p4 = [Ne]3s2 3p4 .
where [Ne] represents the electronic structure of Ne with its n = 1 and n = 2 filled shells. We observe that
both He and Ne have all shells filled (n = 1 for He, and n = 1 and n = 2 for Ne). This explains why these
two elements, which belong to the family of noble gases, have a very low chemical reactivity: their electronic
structure is complete and thus very stable.
In Fig. 6.4 we show as an example the filling of atomic orbitals for iron (Fe), with Z = 26. Note that
within a given sub-shell, electrons first occupy empty orbitals before starting to pair within the same orbital
- this is called the Hund rule and will be discussed below. This diagram illustrates how the electronic orbitals
are filled in order of increasing energy, starting from the ground state (1s), then filling the first excited state
(2s), and then subsequently the next free orbital with the lowest energy.
Hund’s rule.

The Hund’s rule for the filling of atomic orbitals states that:

When filling orbitals, electrons first occupy the empty degenerate orbitals before they occupy an orbital
where another electron is already present.
This effect is illustrated in Fig. 6.4 for the case of the Fe atom (Z = 26). Note that, following Pauli’s
exclusion principle, two electrons that occupy the same orbital must have their spins paired (that is, pointing
in opposite directions). A direct consequence of this rule is that the ground state of an atom with a given
value of Z is the one that contains the maximum number of unpaired electrons, since this is the one that
has associated the smallest total energy. An explanation of this rule is provided by the concept of spin
correlations: electrons with unpaired spin (pointing in the same direction) stay away from each other, since
this reduces their mutual repulsion and thus decreases the total energy of the system.
Let us see what are some of the practical consequences of the application of Hund’s rule. According to
this rule, the electrons that occupy the p-type orbitals in C, N, and O atoms should be distributed as follows:
Element

Atomic structure

Orbital filling

C (Z = 6)

1s2 2s2 2p2

1s2 2s2 2p1x 2p1y

N (Z = 7)

1s2 2s2 2p3

1s2 2s2 2p1x 2p1y 2p1z

O (Z = 8)

1s2 2s2 2p4

1s2 2s2 2p2x 2p1y 2p1z

So we see that, to begin with, degenerate orbitals within a given subshell (in this case the 2px , 2py , and 2pz
orbitals) are occupied by only one electron. Only when these three degenerate orbitals contain one electron
each, they will start to accommodate the second electron in a way that their spins are paired.
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Summary
To summarize, some important concepts that we have learned in this lecture about
• Within the orbital approximation, the electronic structure of multi-electron atoms can be understood
in terms of that of the hydrogen atoms with suitable modifications, such as the effective electric charge.
• Spin is a fundamental property of particles such as electrons and protons that does not have classical
analog. It can be understood by means of the vector model of spin.
• The Pauli exclusion principle indicates that two fermions cannot occupy the same quantum state, and
has important implication to understand the electronic structure of multi-electron atoms.
• The building-up principle and Hunds’s rule determine the order in this the electronic shells will be
filled in multi-electron atoms.
This lecture completes our study of the electronic structure of individual chemical elements. We have
started from the simplest possible element, hydrogen, and then studied the electronic structure of multielectron atoms first with Helium and then for atoms with Z > 3. In the second part of the course, we
will exploit and generalize these concepts to the study of the electronic structure of molecules, bound states
composed by two or more atoms.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
Chapters in textbook
• 8B.1: The orbital approximation.
• 8B.2: The Pauli exclusion principle.
• 8B.3: The building-up principle.
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7

HC7: Chemical bonds and molecules I

In the previous lectures, we have studied the quantum mechanics of individual atoms, starting from the
simpler ones (hydrogen and helium), and then moving towards more complex elements composed by multielectron atoms. Now, in the following three lectures, we move to study the implications of quantum mechanics
for molecules, that is, for bound states of different atoms. In particular, we will be interested in quantifying
the properties of the chemical bonds that keep the elements of a molecule together. Here we will study mostly
diatomic molecules (composed by two atoms), but we will also take a brief look at poly-atomic molecules
(composed by more than two atoms). The two main theoretical frameworks that will be used in this lecture
to explain chemical bonding will be Valence Bond theory and Molecular Orbital theory.

The learning goals of this lecture are:
(a) Becoming familiar with the main features of two different formalisms that explain chemical
bonds in molecules: Valence Bond theory and Molecular Orbitals theory.
(b) Understanding the concept of hybrid orbitals, and the role they play in Valence Bond theory.
(c) Constructing molecular orbitals starting from the electronic orbitals of individual atoms.
(d) Identifying the main geometrical features of molecular orbitals.

7.1

Bonding from atoms to molecules

From the point of view of quantum mechanics,
Molecules in quantum theory
A molecule is a quantum system composed by more than one atom (possibly of the same element)
and at least one electron. The simplest molecule is H+
2 , composed by two protons and one electron.
Our goal in this lecture will be to find the wave functions and electronic energies of the molecule in
the same way as we did for single- and multi-electron atoms.
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The atoms that compose a molecule are kept together by means of chemical bonds. The description of
chemical bonds is a quantum mechanical problem involving the interactions between at least three particles.
Even for the simplest molecule, H+
2 (composed of two protons and one electron), the Schroedinger equation
of the system does not admit an analytical, closed-form solution. Therefore, when modelling the chemical
bonds in molecules, we will need to resort to a number of different approximations, not unlike what was
done in the case of multi-electron atoms. In the three lectures of the course devoted to chemical bonding in
molecules (HC7, HC8, and HC9), we will use various approximations to this problem, each with their own
advantages and disadvantages, and being suitable to different situations.
In the left plot of Fig. 7.1 we show the simplest molecule is composed by two atomic nuclei, A and B,
which interact with a single electron. For example, in the case of the H2+ molecule, the nuclei A and B
would be two protons. We denote by R the inter-nuclear distance, and rA1 (rA2 ) the distance between the
electron and the nucleus A (B). This is another example of the three-body problem in quantum mechanics
(same as the Helium atom) and the Schroedinger equation for this system cannot be solved exactly.
Then, on the right panel of Fig. 7.1 we show the binding energy of the molecule as a function of the
inter-nuclear separation R. One can point out the following important features from this scheme:
• We denote by Re the equilibrium radius, which corresponds to the molecular ground state: this is the
quantum state of the system characterised by the lowest energy.
• We denote by De the value of −E at the classical equilibrium position Re : this is the molecular
dissociation energy. If we provide to the molecule an energy E ≥ De (for example by means of
photons) then we will break apart it into its constituent atoms A and B.
The molecular dissociation De in a molecule is the same as the electronic ionisation energy EI of the
hydrogen atom: there, for an electron in the group state if we provide the system with E ≥ EI = −13.6
eV we learned that it breaks apart into its constituents, the proton and the electron.
• For large values of the inter-nuclear separation, R → ∞, there is no molecule at all and thus its energy
vanishes. This configuration corresponds to that of the separated atoms A and B.
• For small values of the inter-nuclear separation, R → 0, then the repulsive electrical interaction between
the atomic nuclei (two positive charges repel each other) leads to a fast (' R−1 ) growth of the energy.
This means that A and B cannot be too close to each other.
• Therefore a molecule can only exist provided that its inter-nuclear separation R is not too large but
also not close so that the binding energy Ebinding becomes positive, since there the molecule will break
up: it is not energetically advantageous anymore.
The goal of applying quantum mechanics to molecules is to determine some of their properties, such
as the equilibrium radius Re in Fig. 7.1, which determine its defining features such as its size and its geometric configuration. The quantum modeling of molecules that we will adopt in these lectures is based on the
Born–Oppenheimer approximation
The motion of the electrons that compose a molecule (fast) can be treated separately from that of
the corresponding nuclei (slow).
This approximation is justified by the fact that atomic nuclei are much heavier than electrons (since mp 
me ), and therefore, from the point of view of the electrons, the atomic nuclei can be considered to be
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Figure 7.1: Left: the simplest molecule is composed by two atomic nuclei, A and B, which interact with a single
electron. For example, in the case of the H2+ molecule, the nuclei A and B would two protons. We denote by R
the inter-nuclear distance, and rA1 (rA2 ) the distance between the electron and the nucleus A (B). Right: the total
energy of the molecule is a function of the inter-nuclear separation R, with Re being the equilibrium radius which
corresponds to the molecular ground state.
essentially static. Therefore, one can treat separately the (very fast) motion of the electrons from the
degrees of freedom associated to the (much slower) atomic nuclei, such as their vibrational and rotational
motion. In the language of quantum mechanics, the Born–Oppenheimer approximation can be translated
to the statement that the total molecular wave function can be separated into its electronic and nuclear
components:
ΨM = Ψelectronic ⊗ Ψnuclear ,
(7.1)
each obeying different types of Schroedinger equations that are essentially decoupled from each other.
Taking as starting point the Born–Oppenheimer approximation, in this lecture we will present two framework to describe chemical bonding in molecules. The first one is known as the Valence Bond theory, and the
second as Molecular Orbital theory. Both frameworks can be used to describe different types of molecules.
In these lectures we will consider two categories of molecules:
• homonuclear molecules, composed by the same element, and
• heteronuclear molecules, composed by different elements.
Molecules can also be classified as:
• diatomic molecules, composed by only two atoms), and
• poly-atomic molecules, composed by more than two atoms.
To begin with, we will present how chemical bonding is described by Valence Bond theory.

7.2

Chemical bonding in Valence Bond theory

The Valence Bond theory is one of the existing frameworks aiming to explain chemical bonding in molecules.
The basic ingredients of this theory are the following:
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ΨB(r1)ΨA(r2)

ΨA(r1)ΨB(r2) + ΨB(r1)ΨA(r2)
Figure 7.2: Consider a diatomic molecule with two valence electrons involved in the chemical bond, denoted by
“1” and “2”. The upper left plot represents the probability density if the first electron is on atom A (in black) and
the second on atom B (in blue). The upper right plot corresponds to the case when electron “1” is on atom B and
electron “2” in atom A. The positive interference of the wave functions in this configuration (bottom plot) leads
to a region between the two atoms characterised by an enhanced electron density, resulting in the formation of a
molecular bond.

Valence Bond theory of molecular bonding
• Each electron should be assigned to their respective (original) atom within a molecule, rather
than being delocalised within the whole molecule.
• The chemical bond in a molecule arises from the interactions between two electrons from neighboring atoms with paired spin (that is, with opposite spin orientations).
• The constructive interference between the two-electron wave function ensures a non-zero electron
probability density in the region between the two atoms.
The electrons that are involved in the formation of these chemical bonds are those occupying the
outermost electronic shells and are known as the valence electrons.
The fact that there is a finite probability of finding the electrons in the region between the two atoms is then
responsible for the creation of the chemical bond.
To illustrate the main features of Valence Bond theory, let us consider a simple diatomic molecule of the
form of that in Fig. (7.1), composed by two atomic nuclei A and B but now also with two electrons, denoted
by 1 and 2. One possible example would be the H2 molecule, composed by two protons and two electrons.
Let us try to construct a physically sensible wave function that can describe this configuration. One possible
option is that electron 1 occupies an atomic orbital of A, while electron 2 occupies an atomic orbital of B.
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In this case the molecular wave function will be
ΨM (1, 2) = ΨA (1)ΨB (2) .

(7.2)

However, we cannot really tell apart electron 1 from electron 2 (being indistinguishable particles) so the
physical wave function of the molecule must read
ΨM (1, 2) = [ΨA (1)ΨB (2) ± ΨB (1)ΨA (2)] .

(7.3)

It can be shown that the combination with a “+” sign has lower energy, and therefore will correspond to
the molecular ground state. Since in this case the spatial part of the wave function is symmetric under the
exchange of the two electrons, to make sure the Pauli exclusion principle is satisfied, the spin part of the wave
function must be antisymmetric. Therefore, it corresponds to the singlet configuration σ− (1, 2) in Eq. (6.21)
where the two electrons are paired.
Putting together all this information, we obtain that in Valence Bond theory wave function of the twoelectron system (that is, the molecular wave function) will be given by:
ΨM (1, 2) = [ΨA (1)ΨB (2) + ΨB (1)ΨA (2)] σ− (1, 2) ,

(7.4)

where the presence of the singlet spin wave function σ− (1, 2) guarantees the antisymmetry of the total
wave function. This procedure is represented schematically in Fig. 7.2. The upper left plot represents
the probability density if the first electron is on atom A (in black) and the second on atom B (in blue),
corresponding to Eq. (7.2) The upper right plot corresponds to the case when electron “1” is on atom B
and electron “2” in atom A. The positive interference of the wave functions in this configuration (bottom
plot) leads to a region between the two atoms characterised by an enhanced electron density, resulting in
the formation of a molecular bond, see Eq. (7.4).
This example illustrates how, in the framework of Valence Bond theory, chemical bonding in molecule
arises from:
• The chemical bond arises from the overlap (positive interference) between the wave functions of the
valence electrons from each of the atoms that compose a molecule.
• These electrons need to be paired, that is, they must have opposite spin.
• The geometrical properties of the resulting bonds will follow from the geometrical properties of the
constituent atomic orbitals.
In the following we discuss the different types of chemical bonds in molecules that can be constructed
according to Valence Bond theory.

7.3

Molecular bonds in diatomic molecules

Following this introduction to Valence Bond theory, let us now describe the different types of chemical bonds
that can arise in this framework. Recall that, in this theory, chemical bonds arise from the interactions of
paired electrons that occupy different orbitals in each of the atoms that form a molecule. Here we will limit
ourselves to discuss the case of diatomic molecules. We will show how geometrical properties of the chemical
bonds formed in Valence Bond theory follow from the corresponding ones of the constituent atomic orbitals.
The most important types of molecular bonds in this context are known as the σ-bonds and the π-bonds.
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Figure 7.3: A σ-bond arises from the constructive interference of atomic orbitals. Its main characteristic feature
is that of cylindrical symmetry around the axis that connect the two atoms (which here we take to be the z axis).
There are several ways in which these cylindrically symmetric σ-bonds: (i) from the overlap between two 1s atomic
orbitals, (ii) from the overlap of one 2pz and 1s orbital, and (iii) from the overlap of two 2pz orbitals with paired
spins.

The σ-bonds. One of the bonds that arises in Valence Bond theory is known as the σ-bond, whose main
property is that it exhibits cylindrical symmetry around the axis that connects the two atoms, which we
will denote by z axis for convenience. This bond can arise from configurations that are characterised by
cylindrical symmetry such as for example:
• from the overlap of two 1s atomic orbitals, or
• from the overlap of two 2pz orbitals (recall that the z axis coincides with the inter-nuclear axis).
The defining conditions to create a σ bond are thus i) cylindrical symmetry and ii) constructive interference
between the electronic wave functions of the constituents atoms. Provided these two conditions can be
satisfied, a molecular σ-bond can be formed.
In Fig. 7.3 we represent schematically some of the ways which these cylindrically symmetric σ-bonds can
be formed:
• from the overlap between two 1s atomic orbitals,
• from the overlap of one 2pz and 1s orbital, and
• from the overlap of two 2pz orbitals with paired spins.
Note how in all these cases there is constructive interference between the wave functions of the valence
electrons that are involved in the formation of this chemical bond.
The π-bonds. Another important type of molecular orbital that arises in Valence Bond theory are the
so-called π-bond. These chemical bonds arise from the pairing between p-type electron orbitals which are
perpendicular to the z axis that connects the two atoms. This condition implies that that π-bonds arise from
the constructive interference between px and py orbitals of neighboring atoms. Recall that we have assigned
the z axis to the axis that separates the two atoms in a diatomic molecule, and therefore pz orbitals are
parallel to the z axis and cannot be involved in the formation of a π-type molecular bond. As in the case
of the σ-bonds, a definition condition for the π-bonds is that there is constructive interference between the
constituent electronic orbitals, else the formation of this chemical bond is not possible.
A molecule with two π-bonds is represented schematically in the left panel of Fig. 7.4. There, a π-bond
arises from orbital overlap and spin pairing between electrons in p-type orbitals with their axes perpendicular
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Chemical bond composed by 1 𝜎-bond and 2 π-bonds

Figure 7.4: Left: A π-bond arises from orbital overlap and spin pairing between electrons in p-type orbitals with
their axes perpendicular to the inter-nuclear axis (which by convention has been identified by the z axis). As can be
seen, a molecular π-bond is characterised by two overlapping lobes of electron density separated by a nodal plane.
Right: the chemical bonding in the nitrogen molecule N2 is composed by one σ-bond (cylindrically symmetric along
the z axis) and two π-bonds (composed by px and py orbitals), leading to a triple chemical bond.

to the inter-nuclear axis (which by convention has been identified by the z axis). As can be seen, a molecular
π-bond is characterised by two overlapping lobes of electron density separated by a nodal plane. Recall that
the overlap between the px and py orbitals that lead to the formation of π-bond should lead to a constructive
interference, else the formation of the bond is not possible.
The formation of π-bonds is shown in the right panel of Fig. 7.4 for the specific case of the nitrogen
molecule N2 . According to the concepts presented in the previous chapter, see Sect. 6.5, we know that the
electronic structure of nitrogen (Z = 7) taking into account the building up principle and Hund’s rule will
be given by:
1s2 2s2 2p1x 2p1y 2p1z = [He] 2s2 2p1x 2p1y 2p1z ,
(7.5)
so in each of the three 2p orbitals only a single electron will be present. This configuration is a direct
consequence of Hund’s rule, that tells us that the state of minimum energy of a multi-electron atom is the
one with the highest number of unpaired electrons.
Taking into account this configuration, as shown in Fig. 7.4, the two 2pz orbitals from each of the two
nitrogen atoms will form a (cylindrically symmetric) σ bond, while the two 2px and the two 2py orbitals will
form one π-bond each respectively. In total, this will lead to a triple bond in molecular nitrogen, which we
N. This discussion is important to emphasize the different nature of the chemical bonds
denote by N
that keep together the nitrogen molecule: in general, more than one type of bond will be present in a given
molecule. To summarise, the chemical bonding of the N2 molecule will be composed by:
• one σ-bond, cylindrically symmetric along the z axis, and
• two π-bonds, composed by px and py orbitals,
therefore leading to a triple molecular bond (which is characterised by a high degree of chemical stability).
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Orbital hybridization

In the context of Valence Bond theory, we refer to orbital hybridization as the idea that individual atomic
orbitals can be combined to form hybrid orbitals. In general, these new hybrid orbitals will be characterised
by different energies and shapes than the original orbitals. The motivation to construct such hybrid orbitals
is then to be able to pair electrons to form chemical bonds. For example, it is possible to form hybrid
orbitals, as we will see, from the combination of s-type and p-type atomic orbitals.
The concept of orbital hybridization is particularly well illustrated with the chemical bonds formed by
Carbon (C). This element has Z = 6 and its electronic structure is therefore determined by the building up
principle and Hund’s rule to be:
C : 1s2 2s2 2p1x 2p1y ,
(7.6)
so with two electrons in the 2p orbitals. In principle one might think that carbon can form only two chemical
bonds, one for each of the unpaired electrons in the 2p orbitals. However, it turns out that this configuration
is not possible, but that instead C can form four independent chemical bonds within a tetrahedral geometry.
The reason for this is precisely the phenomenon of orbital hybridization: in Valence Bond theory, sometimes
the atomic orbitals that constitute the chemical bounds are hybrid orbitals as opposed to the original orbitals.
The reason for this behaviour is that the electronic structure by itself if not enough to fully explain all
the possible types of molecular bonds that can be formed in the context of Valence Bond theory. In the
specific case of carbon, it is possible that one of the electrons in the 2s orbital is promoted to the 2p orbital,
so that the resulting electronic structure is the following:
C : 1s2 2s1 2p1x 2p1y 2p1z ,

(7.7)

so now we have four unpaired electrons in each of the n = 2 shell orbitals. This configuration is advantageous
to form chemical bonds since now there are four electrons that can be paired with another four electrons from
other atoms, creating four-atom molecules. While this configuration is in principle disfavored energetically
(as can be seen from the building-up principle), this is compensated by the fact that the final molecular bond
is composed by four bonds as compared to the original two, and thus exhibits a higher binding energy in total.
So overall the molecular binding energy is larger if four bonds are formed starting from the configuration
Eq. (7.7) than two bonds with the seemingly lower-energy configuration Eq. (7.6).
In the Carbon atom, the four electronic orbitals hosting unpaired electrons in the configuration Eq. (7.7)
can be combined among them to form hybrid orbitals, denoted by hi . Specifically, one can construct the
following linear combinations of orbitals:
h1

=

s + px + py + pz ,

h2

=

s − px − py − pz ,

h3

=

s − px + py − pz ,

h4

=

s + px − py − pz ,

(7.8)

where note that the hybridization process leaves unchanged the total number of orbitals. The way these
hybridised orbitals are defined determines the geometrical properties of the corresponding molecular bonds,
and in this case the characteristic tetrahedral structure of the carbon bonds. Since we end up having sp3
hybrid orbitals, this process is known as sp3 hybridization. The structure of these sp3 hybrid orbitals is
ultimately determined by the constructive and destructive interference between the 2s and the 2p orbitals.
Several important organic molecules exhibit this phenomenon of the hybridization of orbitals. One
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The three trigonal planar sp2
hybridized orbitals of C

Figure 7.5: In Valence Bond theory, the chemical bonds of carbon are explained by means of the concept of the
hybridization of orbitals. In the left plot, we show the four sp3 hybridised orbitals that lead to the characteristic
tetrahedral configuration. In the right plot, we show the corresponding three planar orbitals resulting from the sp2
hybridization.

example of the sp3 hybridization is methane, CH4 , where each of the sp3 hybrid orbitals of the C atom leads
to a σ-bond (therefore with cylindrical symmetry) with a 1s orbital of the H atoms. Another example is
ethane, C2 H6 , where both C atoms have sp3 hybrid orbitals, leading to a σ bond between the two C atoms
as well as between the C atoms and the H ones.
The sp3 hybridization defined in Eq. (7.8) is not the only possible type of orbital hybridization. Another
possibility is known as the sp2 hybridization, which is constructed from a linear combination of the 2s orbital
with the 2px and 2py orbitals, while the unoccupied 2pz orbital is not modified by this process. In this case,
the specific linear combinations of atomic orbitals are the following:
h1

=

h2

=

h3

=

s+

√

2py ,
 1/2
 1/2
3
1
s+
px −
py ,
2
2
 1/2
 1/2
3
1
s−
px −
py .
2
2

(7.9)

From the geometric point of view, this configuration corresponds to a flat structure in the (x, y) plane, with
angles of 120 degrees separating the three sp2 hybrid orbitals. The 2pz orbital is unchanged, and remains
perpendicular to the (x, y) plane where the three hybridised orbitals lie.
This discussions illustrates how, in the context of Valence Bond theory, the chemical bonds of carbon are
explained by means of the concept of the hybridization of orbitals, as illustrated in Fig. 7.5 in the case of
Carbon. In the left plot, we show the four sp3 hybridised orbitals that lead to the characteristic tetrahedral
configuration. In the right plot, we show the corresponding three planar orbitals resulting from the sp2
hybridization. The unaffected 2pz orbitals are perpendicular to the plane defined by the three sp2 hybrid
orbitals, and contribute to define the overall three-dimensional shape of the resulting molecule.
An example of a molecule exhibiting this sp2 hybridization is etheen, C2 H4 , which is defined by the
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Figure 7.6: The different types of carbon bonds. For each bond, we indicate its hybridisation character, its s/p ratio,
the angle between equivalent σ bonds, and the length of the carbon-to-carbon bond.

following molecular bonds:
• A σ-bond between the two C atoms, involving hybrid sp2 orbitals.
• A π-bond between the two C atoms, involving this time 2py orbitals.
• Four σ-bonds between the C and H atoms, involving the sp2 orbitals of C with the 1s orbital of H.
Finally, another possible type of hybridisation is the one known as sp-hybridisation, which is based on
the following linear combination between the 2s and 2pz orbitals:
h1

=

s + pz ,

(7.10)

h2

= s − pz ,

(7.11)

which lead to two sp orbitals with an angle of 180 degrees among them parallel to the z axis. For this
configuration, the 2px and 2py orbitals are left unchanged. An example of a molecule which exhibits this
type of hybridisation is ethyn, C2 H2 , which is characterised by the following molecular bonds:
• A σ-bond between the two C atoms, involving sp orbitals.
• Two π-bond between the two C atoms, involving the 2px and 2py orbitals.
• Two σ-bonds between the C and H atoms, involving the sp orbitals of C with the 1s orbital of H.
In Table (7.6) we summarize the various types of the C
C molecular bond types, which appear in
molecules containing at least two carbon atoms, that we have been discussing so far. For each bond, we
indicate its hybridisation character, its s/p ratio, the angle between equivalent σ bonds, and the length of
the carbon-to-carbon bond.
The same hybridisation of atomic orbitals takes place in other very important elements for organic
molecules, such O and N. An important difference with respect the C case is that now we can have lone
electron pairs being part of the hybridised orbital. Using the same strategy as in the case of carbon, one can
determine for example the geometric properties of the hybridised orbitals that lead to the formation of an
H2 0 molecule.

7.5

Molecular Orbital theory

In the previous discussion, we have studied the chemical bonding in molecules in the framework of the
Valence Orbital theory. Now we move to consider a more modern framework to describe chemical bonding,
known as Molecular Orbital theory. To illustrate how this theory works, and in which aspects does it differ
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from the Valence Orbital theory, let us consider again the specific case of the the H2+ molecule. This is the
simplest of all possible stable molecules, composed only by two protons and one electron, making it suitable
to highlight the main features of this new theory.
As before, we will work in the Born-Oppenheimer approximation, and assume that the protons can be
considered at rest as compared to the electron. To be more precise, we assume that the motion of the
protons takes place at much longer timescales than the motion of the electron. Within this approximation,
the Hamiltonian of the system is given by the following expression:
2
b = − ~ ∇21 + V (rA1 , rB1 , R) ,
H
2me

(7.12)

where the first term corresponds to the kinetic energy of the electron (with ∇21 the Laplacian operator), and
the electrostatic potential between the two protons and the electron is given by
e2
V (rA1 , rB1 , R) = −
4π0



1
rA1

+

1
rA2

1
−
R


,

(7.13)

where r1A (rB1 ) is the distance between the first (second) proton and the electron and R is the distance
between the two protons that compose the H2+ molecule. Note that while the interaction between the protons and the electrons is attractive, the interaction between the protons is repulsive. We can observe from
Eq. (7.12) that there is no kinetic term for the protons, since we are working on the assumption that there
are at rest. The basic principle underlying Molecular Orbital theory is that:
Chemical bonds in Molecular Orbital theory
The electrons in a molecule cannot be restricted to individual atomic orbitals, but rather they occupy
molecular orbitals that are defined by the solution of the full molecular Schroedinger equation such as
Eq. (7.12). In this framework, the chemical bonds are explained in terms of these molecular orbitals,
and the distinction between individual atomic orbitals is lost.
Therefore, in order to find the molecular orbitals corresponding to the H2+ molecule, we need to find the
eigenvectors and eigenvalues of Eq. (7.12). While in this case a exact solution exists, its expression is rather
cumbersome and it is more instructive to derive an approximate solution. To achieve this, we need to take
into account the following considerations:
• In the limit in which the separation between the two protons R becomes very large, R → ∞, then
the molecular orbital should be reduced to the sum of the individual electronic wave functions for the
constituent atoms A and B.
• As the two H atoms move closer, below a certain separation threshold, R < Re with Re the molecular
equilibrium radius defined in Fig. 7.1, the electron can move freely (hop) between the two atoms, as
shown schematically in Fig. 7.7.
• Therefore, for R < Re , the concept of two individual, separate, electronic orbitals loses meaning and
we have to deal with a single molecular orbital.
In the schematic representation of Fig. 7.7, one indicates how while an electron with (ground state) energy
EH1s is not able to hop between protons in the molecule, once R is reduced below the threshold Re then
an electron with energy Eg (that is, the energy of the molecular ground state) is now able to move freely
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Figure 7.7: Schematic representation of the process leading to the formation molecular orbital of the H2+ molecule.
If the separation between the two protons R is large, we basically have one electron occupying the original atomic
orbital of the hydrogen atom, which in the ground state is Ψ1,0,0 (r) ∝ e−r/a0 , while the second atomic orbital is
empty. But at the interatomic separation R is reduced, once the threshold Re is passed the electron is free to move
between the two protons, generating effectively a molecular orbital. Recall that Re is the molecular equilibrium
radius. In this scheme, the line in blue represents the electronic wave functions and that in red the electrostatic
potential.

between the two constituent atoms A and B of the molecule. In this schematic representation, the curves in
blue represents the electronic wave functions and that in red the electrostatic potential. Recall that for the
ground state of hydrogen the electronic wave function is given by Ψ1,0,0 (r) ∝ e−r/a0 .
An important point to mention in this context is that the strength of such molecular bonds is rather
weaker than that of the original atomic bonds. To illustrate this, we can perform the following comparison:
• The sum of binding energies between two electrons and two protons, corresponding to two separate H
atoms, is Eb ' 2600 kJ/mol.
• The binding energy between the two H atoms that constitute the H2 molecule is Eb ' 400 kJ/mol, so
around 6 times smaller.
Therefore we find that the molecular binding energy is much smaller than the atomic binding energy. This
explains why to first approximation the atomic orbitals are unchanged when atoms form part of molecules:
the molecular bond is only a correction (in terms of the total energy budget of the system) of the original
atomic bonds. This result also provides, a posteriori, a justification of the assumptions underlying Valence
Bond theory.
As mentioned above, in order to evaluate the molecular wave function of the H+
2 molecule, we need
to solve Eq. (7.12). To achieve this, we will make the assumption that the wave function describing the
molecular orbital can be written as
ΨM,± = N (ΨA (rA ) ± ΨB (rB )) ,

(7.14)

with ΨA (rA ) and ΨB (rB ) being the wave functions of the 1s orbital of the hydrogen atom, which are given,
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following the discussion of Sect. 5.2, by
ΨA (rA ) =

e−rA /a0
(πa30 )

1/2

,

ΨB (rB ) =

e−rB /a0
(πa30 )

1/2

,

(7.15)

with again rA (rB ) being the distance between the only electron in the H+
2 molecule and the A (B) protons, and N being an overall normalisation constant. Therefore the full molecular wave function in this
approximation will be given by
ΨM,± (r1 , r2 ) = N (R)

e−rA /a0
1/2

(πa30 )

±

e−rB /a0
1/2

(πa30 )

!
,

(7.16)

with N being an overall normalisation constant which depends in general on the inter-nuclear separation
system R, and is a function of the overlap between the atomic orbitals as discussed below.
Linear Combination of Atomic Orbitals
The ansatz Eq. (8.12) implies that the electron wave function is delocalised around the H+
2 molecule,
rather than being assigned to any of the two hydrogen nuclei. This approach is called the Linear
Combination of Atomic Orbitals (LCAO), and is frequently used to construct molecular orbitals.
If we evaluate the probability density associated to the molecular orbital Ψ+ , Eq. (8.12), one finds that

 N (R)2  −2rA /a0
−2rB /a0
−(rA +rB )/a0
|Ψ+ (r1 , r2 )|2 = N (R)2 Ψ2A + Ψ2B + 2ΨA ΨB =
e
+
e
+
2e
.
πa30

(7.17)

This can be compared to the probability density associated to two H1s electrons which are very far from
each other, which is given by
|ΨA (r1 )|2 + |ΨB (r2 )|2 =


1  −2rA /a0
−2rB /a0
e
+
e
πa30

(7.18)

Therefore, we find that as compared to the individual atomic orbitals, there is an now additional term
2ΨA ΨB ∝ e−(rA +rB )/a0 which arises from their overlap (interference) within the molecule.
Thanks for the constructive interference in the probability density of Eq. (7.19), one has a molecular
orbital where the probability to find the electron in the region between A and B is higher than if one
considers the individual atomic orbitals separately. To show this, we can consider the value that Eq. (7.19)
takes in the z axis (which corresponds to the inter-nuclear axis) in the case that A is located at z = 0, where
one has

N (R)2  −2|z|/a0
−2|z−R|/a0
−(|z|+|z−R|)/a0
|Ψ+ (z)|2 =
e
+
e
+
2e
,
(7.19)
πa30
This probability density is shown in Fig. 7.8, together with that associated to Ψ− (r1 , r2 ) and to the individual
orbitals Eq. (7.18). We can observe how in the case of Ψ+ (r1 , r2 ) there is a constructive interference of the
wave functions leading to an enhanced probability density in the region between A and B (in this case
0 ≤ r ≤ R), while for the case of Ψ− (r1 , r2 ) we have instead destructive interference in the same region
This constructive interference in the case ofΨ+ (r1 , r2 ) is beneficial from the energetic point of view: the
electron has an optimal interaction with the two atomic cores. For this reason, the wave function Ψ+ is
called a bonding molecular orbital. One can verify that it corresponds to an σ-type orbital, cylindrically
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Figure 7.8: The probability density along the inter-nuclear axis (the z axis) for the H+
2 molecule for the case in
which R = 3a0 and where the position of A and B is z = 0 and z = 3a0 respectively. The show three cases: the
separate atomic orbitals, and the two LCAO molecular orbitals Ψ± (rA , rB ) defined in Eq. (8.12) We can observe how
in the case of Ψ+ (r1 , r2 ) there is a constructive interference of the wave functions leading to an enhanced probability
density in the region between A and B, while for the case of Ψ− (r1 , r2 ) we have instead destructive interference.

symmetric around the axis that connects the two protons and without any angular momentum around this
axis. Specifically, this molecular orbital turns out to be a 1σ orbital, which is the σ-bond orbital with the
lowest energy.
It should be clear from Fig. 7.8 that the the normalization constant N in Eq. (7.14) of the molecular
orbital does also depend on the inter-nuclear separation R. Intuitively, the degree of overlap of the individual
electronic orbitals will increase if R is reduced, affecting the overall wave function normalisation. The
expression of N (R) can be computed by integrating |Ψ+ |2 over the whole phase space, and requiring that
this integral is 1. For a general diatomic molecule, it is given by
Z
−1/2
N = (2(1 + S))
,
S ≡ dτ ΨA (rA )ΨB (rB ) ,
(7.20)
where S quantifies the overlap between the two atomic wave functions, which depends on the separation
R between the two protons: the smaller the value of R, the greater the overlap will be. Using the explicit
expressions for the atomic wave functions (1s orbitals of Hydrogen) one obtains that this overlap integral
Eq. (7.20) is given by
 2 !
R
1 R
S(R/a0 ) = 1 +
+
e−R/a0 ,
(7.21)
a0
3 a0
which is a function of R/a0 , the ratio between Bohr’s radius a0 (which is a measure of the size of the H atom
in the ground state) and the interatomic separation in the molecule R. We observe that the overlap S falls
off exponentially for R  a0 , so therefore it is only significant for R <
∼ a0 . In other words, the overlap is only
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Figure 7.9: Left: The different contributions to the total energy of the molecular bonding orbital Ψ+ of the H+
2
molecule, using the notation of Eq. (7.38), including the overlap integral S(R/a0 ). Right: the energy associated
to the bonding and anti-bonding molecular orbitals in H+
2 once the energy of the original atomic orbital has been
subtracted, Eq. (7.43).

relevant when the distance between the two atoms is comparable to their own size, else it can be neglected.
In Fig. 7.9 we show the value of the overlap integral S(R/a0 ), Eq. (7.21), for the H+
2 molecule. We see for
example that for R ≥ 3a0 the overlap integral is already less than 40% as compared to the maximum overlap
possible.
Molecular orbitals for heteronuclear molecules. For an heteronuclear diatomic molecules, composed
by two atoms of different elements, the electronic molecular wave functions can be written in general as
ΨM,i (rA , rB ) = Ni × (cA,i ΨA (rA ) + cA,i ΨB (rB )) ,

(7.22)

where N is a normalisation constant and cA , cB are coefficients that measure the relative importance of each
of the two components of the wave function. In Eq. (7.22) the index i labels the specific atomic orbital.
The normalisation of the molecular wave function determines the value of N ,
Z

2

|ΨM,i | dτ =

Ni2



c2A,i

Z

2

|ΨA | dτ +

c2B,i

Z

2

|ΨB | dτ +

2c∗A,i cB,i

Z

Ψ∗A ΨB dτ


=1

(7.23)

which using the definition of the overal integral in Eq. (7.20) and the fact that the individual atomic orbitals
are normalised reduces to

Ni2 c2A,i + c2B,i + 2c∗A,i cB,i × S = 1 .
(7.24)
In the same way that the electronic orbitals of the hydrogen atom were orthogonal among them, we will
also require the same condition for the molecular orbital. This means that if we have a second molecular
orbital
ΨM,j (rA , rB ) = Nj × (cA,j ΨA (rA ) + cA,j ΨB (rB )) ,
(7.25)
then the values of cA,j and cB,j are fixed by the orthonormality condition:
Z

Ψ∗M,1 ΨM,2 dτ = 0 .

(7.26)
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Constructing linear combinations of atomic orbitals
Assume a molecular orbital with the form ΨM,1 = N1 (0.727ΨA + 0.144ΨB ). We want to find a (normalised) linear combination of the orbitals ΨA and ΨB that is orthogonal to ΨM,1 and to determine
the normalisation constant N1 , using the fact that the overlap integral is given
Z
S = Ψ∗A ΨB dτ = 0.117 .
(7.27)
Let us denote this orthogonal combination as
ΨM,2 = N2 (cA ΨA + cB ΨB ) ,

(7.28)

where the orthogonality condition between the two molecular orbitals requires that
Z
Ψ∗M,1 ΨM,2 dτ = 0 .

(7.29)

If we set aside the normalisation constants, we find that the orthogonality condition implies
Z
Z
Ψ∗M,1 ΨM,2 dτ = 0 =
dτ (0.727Ψ∗A + 0.144Ψ∗B ) (cA ΨA + cB ΨB )
Z
0.727cA

2

Z

|ΨA | dτ + 0.144cB

2

Z

|ΨB | dτ + 0.727cB

Ψ∗A ΨB dτ

Z
+ 0.144cA

Ψ∗B ΨA dτ = 0 (7.30)

Next we can use the fact that the individual atomic orbitals are themselves normalised
Z
Z
|ΨA |2 dτ = |ΨB |2 dτ = 1

(7.31)

as well as the fact that we know the value of the overlap integral S (and that S ∗ = S), to write
0.727cA + 0.144cB + (0.727 × 0.117)cB + (0.144 × 0.117)cA = 0

(7.32)

0.74385 cA + 0.22906 cB = 0

(7.33)

which implies that Ψ2 will be orthogonal to Ψ1 provided its coefficients satisfy
cB = −

0.74385
cA = −3.2474 cA
0.22906

(7.34)

For example, we can take cA = 1 (since we still need to fix the normalisation constant N2 ) so that
ΨM,2 = N2 (ΨA − 3.2474 ΨB ) .

(7.35)

Finally we can compute the sought-for normalization factors
Z

|Ψ1 |2 dτ = 1 = N12 0.7272 + 0.1442 + 2 · 0.727 · 0.144 × S = N12 × 0.5737 ⇒ N1 = 1.32 (7.36)
Z


|Ψ2 |2 dτ = 1 = N22 1 + 3.24742 − 2 · 3.2474 × S = N22 × 10.7857 ⇒ N2 = 0.304

(7.37)
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Binding energy in Molecular Orbital theory. By solving the molecular Schroedinger equation using
the Hamiltonian in Eq. (7.12), one can determine the energy associated to the Ψ+ bonding molecular orbital:
E1σ = EH1s +

j0
J +K
−
,
R
1+S

(7.38)

in terms of the following components:
• EH1s is the energy corresponding to the 1s orbital of H, which therefore does not depend on the
inter-nuclear distance R.
• The term j0 /R corresponds to the potential energy associated to the repulsive interaction between the
two protons separated by a distance R, where one has defined j0 = e2 /4π0 .
• The last term is given in terms of overlap integrals in a similar way as in Eq. (7.20), which for the H+
2
molecule are:




Z
R
j0
1− 1+
e−2R/a0 ,
(7.39)
J ≡ j0 Ψ2A dτ =
R
a0


Z
ΨA ΨB
j0
R
K ≡ j0 dτ
=
1+
e−R/a0 .
(7.40)
rB
a0
a0
Let us discuss some important properties of Eq. (7.38), the energy associated to the Ψ+ bonding molecular
orbital:
• Both overlap integrals K and S are positive-definite, but J can be negative.
• The three overlap integrals S, K, and J, are all exponentially suppressed for large values of the
interatomic distance R when R  a0 , so become negligible if the two atoms are very far from each
other. In this case the Eq. (7.38) reduces to E1σ ' EH1s , namely the energy of the original electronic
orbital of H1s .
• The term J is a measure of the interaction between a given nucleus and the electron density from the
other one.
• The term K is a measure for the interaction between one nucleus and the additional electron density
between the nuclei arising from the overlap of orbitals.
In the left panel of Fig. 7.9 we show different contributions to the total energy of the molecular bonding
orbital Ψ+ of the H+
2 molecule, using the notation of Eq. (7.38), in the units where a0 = 1. In the corresponding right panel, we show the total energy, once that of the original electronic orbital of H1s has been
subtracted

The fact that in Fig. 7.9 one has that (E+ − EH1s ) ≤ 0 indicates that the formation of the chemical
bond by means of a molecular orbital is energetically favored.
The other possible linear combination of atomic orbitals in Eq. (7.14) corresponds to the so-called antibonding molecular orbital Ψ− . If we compute the corresponding probability density, one fins

Ψ2− = N 2 Ψ2A + Ψ2B − 2ΨA ΨB ,

(7.41)
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Figure 7.10: Left plot: the energy of the bonding Ψ+ and anti-bonding Ψ− orbitals as a function of the inter-nuclear
distance R/a0 . Right plot: the probability densities associated to the the anti-bonding (upper) and bonding (lower)
molecular orbitals. The fact that this probability is large in the region between the two atoms in the latter case
reflects the bonding character of this molecular orbital.

which as shown in the right plot of Fig. 7.10, as well as in Fig. 7.8 leads to a smaller electron density in the
region between the hydrogen nuclei due to destructive interference. This molecular orbital turns out to be a
2σ-type orbital, which is also a σ-bond but with a higher energy than the one associated to the Ψ+ orbital.
The energy of this orbital is now given by
E2σ = EH1s +

J −K
j0
−
,
R
1−S

(7.42)

In Fig. 7.10 (see also Fig. 7.9) we compare the energies of the bonding and anti-bonding orbitals, E1σ and
E2σ respectively, as a function the inter-nuclear distance R/a0 , once we have subtracted the energy of the
original atomic orbitals EH1s . That is, we are plotting
eh =
(E± − EH1s ) /2hcR

1
eh
2hcR



j0
j±k
−
R
1±S


.

(7.43)

One can see how for the bonding orbital the total energy is smaller than that of the separate electronic
orbitals, justifying the formation of the molecular bond in the H+
2 molecule.
Consistently with the structure of Eq. (7.43), we see from Fig. 7.10 that both for the bonding and antibonding orbitals this energy goes to zero for large inter-nuclear distances. We also find that the absolute
strength of the 1σ bonding orbital is weaker than the 2σ anti-bonding orbital, a fact that will become
important later in the course.

Summary
To summarize, some important concepts that we have learned in this lecture about electronic orbitals in
molecules and chemical bonding are the following:
• The equilibrium radius Re corresponds to the value of the inter-nuclear distance R for which the
molecule is in the ground state. Its value can be computed in the framework of the Molecular Orbital
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theory, from the minimisation of the energy associated to the molecular orbital with lowest energy.
• Within Valence Bond theory, chemical bonds are formed from the constructive interference of the wave
functions of valence electrons whose spins are paired and that are localised in specific atoms of the
molecule.
• Atomic orbitals can hybridise to form chemical bounds in molecules if the resulting configuration is
energetically favorable.
• Within the Molecular Orbital approach, the electronic orbitals of molecules are constructed from linear
combinations of atomic orbitals; electrons are delocalised in the whole molecule and cannot be ascribed
to specific atoms.
In the next lecture we will continue our study of the implications of quantum theory for the description
of the properties of molecules.

Further reading
Chapters in textbook
• 9A.1: Diatomic molecules.
• 9A.2: Resonance
• 9A.3: Polyatomic molecules.
• 9B.1: Linear combination of atomic orbitals.
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8

HC8: Chemical bounds and molecules II

In this lecture, we continue our study of the chemical bonds in molecules, following the previous general
discussion of the main features of Valence Bond theory and Molecular Orbital theory. From now on, we will
focus on the more modern Molecular Orbital framework, and here we will apply it first to determine the
electronic structure of homo-nuclear diatomic molecules, and then of hetero-nuclear diatomic ones. We will
present the corresponding version of the building-up principle of multi-electron atoms in the molecular case,
and develop a variational principle to construct the molecular orbitals for hetero-nuclear molecules.

The learning goals of this lecture are:
(a) Determining the filling order of molecular orbitals for various types of diatomic molecules.
(b) Computing the binding order of diatomic molecules, which determines the degree of (in)stability
of the corresponding chemical bond.
(c) Constructing molecular orbitals suitable for the description of hetero-nuclear diatomic
molecules.
(d) Exploiting the variational principle to determine the coefficients of molecular orbitals for heteronuclear molecules.
We therefore start by further applying the principles of Molecular Orbital theory for the description of
chemical bonding in homo-nuclear diatomic molecules, composed by two atoms of the same element.

8.1

Chemical bonding in homo-nuclear diatomic molecules

Let us start our discussion by considering homo-nuclear diatomic molecules, such as O2 , N2 , and F2 , which
are composed by two atoms of the same element. Here we will work in the framework of the Molecular Orbital
theory presented in Sect. 7.5, where the electrons are delocalised within the molecule and occupy electronic
molecular orbitals. Remember that in the Linear Combination of Atomic Orbitals (LCAO) approximation,
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the electronic molecular wave functions were written as
ΨM,± = N (R) (ΨA ± ΨB ) ,

(8.1)

where ΨA and ΨB were (normalised) atomic orbitals associated to atoms A and B and N was a normalisation
constant. The overlap between the two atomic wave functions was quantified by the overlap integral,
Z
S ≡ dτ Ψ∗A ΨB ,
0 ≤ S ≤ 1,
(8.2)
where dτ implied an integral over all coordinates.
In the case of the H2 or H2+ molecules, it was obvious which electronic orbitals formed the molecular
orbital: we could identify ΨA and ΨB with the 1s orbitals of atoms A and B. However for other homonuclear diatomic molecules such as O2 , N2 , and F2 , composed by multi-electron atoms, it is less obvious
which atomic orbitals will be used to construct the electronic molecular orbitals. For these molecules:

only the valence electrons will be involved in the chemical bonding, while the electrons in the (completed) inner shells will not play any role and can be safely ignored.
For instance, in the H2 molecule, only the 1s valence electrons are involved in the formation of the chemical
bounds. But for a Li2 molecule, the valence electrons occupy instead the 2s orbital, given that the electronic
structure of Li is [He]2s1 . In this case, the 1s electrons of Li are not involved in the formation of a chemical
bond.
For homonuclear diatomic molecules composed by multi-electron atoms, a modified version of the buildingup principle discussed in the Sect. 6.5 also holds. Recall that the building up principle determines the order
in which electronic shells are filled in multi-electron atoms, based on their energy: shells that have lower
energy must be filled first. Moreover, Hund’s rule also tells us that degenerate orbitals are filled first with
single electrons before each orbital is completely filled with paired electrons. In the case of molecular orbitals, the corresponding version of the building up principle arises from similar physical considerations and
is based on the following set of rules:
• Electrons will occupy empty molecular orbitals in a sequential way to ensure that the total energy of
the molecule is minimised.
• No more than two electrons can occupy a given molecular orbital, as a consequence of the Pauli
exclusion principle.
• Electrons occupy first of all the unpaired individual degenerate orbitals (orbitals with the same associated energy), in order to minimize the energy induced by the electron-electron repulsive interaction.
This is the same as Hund’s rule in the case of multi-electron atoms, see the discussion in Sect. 6.5.
• The above condition implies that two electrons occupying a degenerate orbital will have parallel spins,
since this leads to a state with a smaller total energy.
As an example, let us take a look at the electronic structure of molecular hydrogen, represented in Fig. 8.1.
Remember that in the previous lecture we showed that for this molecule there are two molecular orbitals
ΨH2 ,± = N (ΨH,1s,A ± ΨH,1s,B ) ,

(8.3)
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Figure 8.1: The electronic structure of molecular hydrogen H2 (left) and helium He2 (right plot). The individual
atomic orbitals (of the 1s type) merge into two molecular orbitals: a bonding orbital 1σg and an anti-bonding orbital
1σu . In the case of the H2 molecule, the two electrons occupy the bonding orbital, leading to an stable molecule. In
the case of the He2 molecule instead, two electrons in addition also occupy the anti-bonding orbital, resulting into
an unstable configuration from the energetic point of view. (see also Fig. 7.10).

where the + (−) combination lead to constructive (destructive) interference and thus to a negative (positive)
binding energy implying molecular stability (instability.) As we can see from this diagram, the two individual
atomic orbitals (of the 1s type) merge into two molecular orbitals:

We will denote by bonding molecular orbitals those where their energy is lower than that of the
individual atomic orbitals, and by anti-bonding molecular orbitals those where their energy is higher
than that of the individual atomic orbitals. In the case of the H2 molecule, we have two molecular
orbitals, one with bonding character, 1σg , and the other anti-bonding character, 1σu .
The two electrons occupy the bonding orbital (since it has the lowest energy of the two molecular orbitals),
2
so we can express the electronic structure of the H2 molecular as (1σg ) . This means that the H2 molecule
is energetically stable, due to the fact that all electrons involved in the chemical bond occupy a bonding
orbital, which is an energetically-favored configuration.
The situation on the other hand is quite different for molecular Helium, He2 , also shown in Fig. 8.1 (right
panel). This molecule has four electrons (two from each of the He atoms), so therefore two electrons occupy
the bonding orbital 1σg while the other two electrons occupy instead the anti-bonding orbital 1σu∗ . Therefore
the resulting electronic configuration would be (1σg )2 (1σu∗ )2 . This is a crucial difference as compared to the
H2 case: the anti-bonding orbital, as was shown in Fig. 7.10, is stronger as compared to the bonding orbital.
In other words, one has that
|E1σg − EH1s | < |E1σu∗ − EH1s | ,
(8.4)
implying that the total binding energy is positive and therefore the He2 molecule is not a stable chemical
configuration: forming a He2 does not reduce the total energy as compared to two separated He atoms.

This example illustrates that in order to achieve chemical bonds in molecules, one needs to populate
with electrons the appropriate type of molecular orbitals: those that minimise the overall binding
energy of the molecule.
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Building upon this discussion of H2 and He2 , let us now turn to discuss the electronic structure of
homonuclear diatomic molecules with Z > 2 such as Li2 , Be2 , B2 , C2 , N2 , O2 , F2 . All these elements are
characterised by having their valence electrons in the 2s and 2p atomic orbitals, with the inner 1s shell
completed and thus not playing any role in the chemical binding. In other words, for these molecules, the
electrons that occupy the 1s orbitals do not count anymore from the point of view of the molecular bonds.
Indeed, following the building up principle and Hund’s rule, the electronic structures of these elements are:
• Li (Z = 3) :

[He] 2s1

• Be (Z = 4) :

[He] 2s2

• C (Z = 6) :

[He] 2s2 2 p1x 2p1y

• N (Z = 7) :

[He] 2s2 2 p1x 2p1y 2p1z

and so on. Concerning the geometry of the resulting molecular orbitals, recall that:

an important property of the 2s atomic orbitals is that they are rotationally symmetric. Recall from
the discussion in Sect. 5.3 that s-type orbitals have l = ml = 0, and therefore the angular dependence
of their wave function will be given by Y0,0 = (4π)−1/2 , that is, constant. So all directions in the
(θ, ϕ) surface have the same probability and therefore s-type orbitals are rotationally symmetric.
Therefore, in the context of Molecular Orbital theory, the 2s atomic orbitals lead to the formation of both
a (cylindrically symmetric) 1σg bonding molecular orbital as well as a 1σu∗ anti-bonding molecular orbital.
In addition to this, we also know that the 2pz atomic orbitals can also lead to the formation of a molecular
orbital of the σ-type (recall that the z-axis coincides with the inter-nuclear axis). Specifically, the formation
of a σ-type molecular orbital is then possible for the following configurations:
• 2s − 2s,
• 2s − 2pz ,
• 2pz − 2pz .
Taking into account the energies associated to each molecular orbital, the 2s−2s and 2pz −2pz configurations
turn out to be the most favored ones. The 2s − 2s combination leads to the formation of a 1σg /1σu∗ pair of
molecular orbitals, while the 2pz − 2pz combination leads to a 2σg /2σu∗ pair instead (therefore with higher
energy). In the latter case, the 2pz − 2pz combination leads to a bonding molecular orbital (2σg ) while the
2pz + 2pz combination instead leads to an anti-bonding molecular orbital (2σu∗ ).
In addition to these σ-type orbitals, in homo-diatomic molecules also the π-type molecular orbitals play
an important role. One of these orbitals can be constructed as
1πu : 2px + 2px ,

(8.5)

which leads to a bonding molecular orbital. This orbital is odd under coordinate inversion (parity transformation), the opposite as the corresponding case of the σ bonds. A closely related orbital is
1πg : 2px − 2px ,

(8.6)
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which leads instead to destructive interference and thus corresponds to an anti-bonding orbital. This orbital
is even under a coordinate inversion transformation. Likewise, we will have another 1πu (1πg ) bonding (antibonding) molecular orbital from the 2py + 2py (2py − 2py ) linear combination of atomic orbitals. Therefore,
we have the important result that he 1πu and 1πg∗ molecular orbitals are two-fold degenerate, and can in
total be occupied by up to four electrons (that is, two per orbital). Finally, one can demonstrate that it is
not possible to construct molecular orbitals from the combination of a 2s with either a 2px or a 2py orbital,
the reason being that the corresponding overlap integral S vanishes. To summarise:
Molecular orbitals for homo-nuclear diatomic molecules
For diatomic molecules where the n = 2 electrons are involved in the formation of the chemical bonds,
one has the following molecular orbitals to be occupied by electrons:
• Bonding orbitals: 1σg (2 e− ), 2σg (2 e− ), 1πu (4 e− ).
• Anti-bonding orbitals: 1σu∗ (2 e− ), 2σu∗ (2 e− ), 1πg (4 e− ).
A molecule will be energetically stable if more electrons occupy bonding than anti-bonding orbitals.
Concerning the specific electronic configuration of these molecules, as mentioned above, one can apply
a version of the building-up principle for molecular orbitals. As in the atomic case, electrons start to fill
the molecular orbitals starting from the first orbital available with the lowest energy. This is illustrated
in Fig. 8.2, where we indicate the energy of the molecular orbitals for homo-different diatomic molecules
(composed by the same element) for elements from Z = 3 (Li) to Z = 9 (F). In each case, we indicate how
the 2(Z − 2) electrons present in the molecule fill the various orbitals (recall that the 2 electrons in the 1s
atomic shells do not participate in the bonding). As mentioned above, the 1πu and 1πg molecular orbitals
are degenerate, and can in total be occupied by four electrons, as happens for C2 and heavier molecules.
From Fig. 8.2 we see that for molecules with Z ≤ 7, the associated building-up principle has the following
structure:
1σg , 1σu , 1πu , 2σg , 1πg , 2σu .
(8.7)
Note however that is ordering not universal, for example for molecules with Z ≥ 8 the corresponding building
up principle is given instead by
1σg , 1σu , 2σg , 1πu , 1πg , 2σu ,
(8.8)
where the 2σg bonding orbital is filled earlier than the 1πu orbital.

8.2

The molecular binding order

In order to illustrate how the building up principle works in diatomic molecules, let us consider the electronic
structure of molecular nitrogen N2 . Nitrogen has Z = 7 electrons, or which 5 participate in the chemical
bonding from the n = 2 shell: [Ne] : [He] 2s2 2 p1x 2p1y 2p1z . Therefore, the molecular orbitals of N2 will host
10 electrons. Following the filling order indicated in Fig. 8.2, the electronic structure of the N2 molecule will
be given by
1σg2 1σu∗2 1πu4 2σg2 ,
(8.9)
where recall that we are using a notation such that:
• σg(u) indicate bonding (anti-bonding) molecular orbitals, that can be occupied by 2 electrons.
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Figure 8.2: The energy of the molecular orbitals for homo-different diatomic molecules (composed by the same
element) for elements from Z = 3 (Li) to Z = 9 (F). In each case, we indicate how the 2(Z − 2) electrons present
in the molecule fill the various orbitals (recall that the 2 electrons in the 1s atomic shells do not participate in the
bonding). The 1πu and 1πg molecular orbitals are degenerate, and can in total be occupied by four electrons, as
happens for C2 and heavier molecules.

• πg(u) indicate anti-bonding (bonding) molecular orbitals, that can be occupied by 4 electrons.
The overall energetic stability of a given molecule will be determined by how many electrons occupy
bonding orbitals as compared to anti-bonding ones. Recall the examples above: H2 is stable but He2 is not,
due to the specific way their molecular orbitals are filled. In general we can define:

The stability of a given molecular chemical bond can be characterised by its binding order b:
b≡

1
(N − N ∗ ) ,
2

(8.10)

with N (N ∗ ) the number of electrons occupying bonding (anti-bonding) molecular orbitals. Molecules
with b ≤ 0 are energetically unstable, while those with b > 0 are instead stable. Further, the higher
the value of the binding order b, the stronger a given molecular chemical bond will be.
Let us compute the value of the binding order b in the case of the N2 molecule. From the molecular
electronic structure of Eq. (8.9), we see that 8 electrons occupy bonding orbitals (1σg2 , 1πu4 , 2σg2 ) while 2
electrons occupy anti-bonding orbitals (1σu∗2 ). We have thus that b = (8 − 2)/2 = 3, and therefore this
molecule is characterised by a triple binding.
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The molecular binding order of O2
Molecular oxygen O2 is characterized by having 16 (= 2Z) electrons, of which 12 play a role
in the chemical bonding (since the four electrons in the 1s2 shells are not relevant here). The
electronic structure of the oxygen molecule is illustrated in Fig. 8.3. As we can see, each of
the two oxygen atoms has a 2s and three 2p orbitals, which are combined among them when
forming the molecular bonds. The two 2s orbitals combine into a 1σu and a 1σg orbitals, such as
in the case of molecular nitrogen. The three 2p orbitals combine into 2σg , 2σu , 1πg and 1πu orbitals. Note that the 2σg orbital has a lower energy that the 1πu orbital, as opposed to the case of N2 .
Note also how the total number of electrons that can occupy the molecular orbitals must be the same
as the total number of electrons that occupy the original atomic orbitals. In the case of O2 , we have
that up to 12 electrons can occupy the 2p orbitals of both O atoms, which the same number that
can occupy the corresponding molecular orbitals: 2 in 2σg , 4 in 1πu , 4 in 1πg , and 2 in 2σu .
Given that O2 has 16 electrons, it is easy to see that all molecular orbitals up to the 1πu one are
fully filled. On the other hand, there are only two electrons in the 1πg∗ anti-bonding molecular
orbital, which is twice degenerated. Following Hund’s rule, we know that these two electrons will
occupy different 1πg∗ orbitals and thus will be unpaired, leading to a triplet spin state. Putting this
information together, we find that the binding order of molecular oxygen is
bO2 = (8 − 4)/2 = 2 > 0 ,

(8.11)

forming a double chemical bond and demonstrating that the formation of O2 is energetically favorable.
After this study of homo-nuclear diatomic molecules, we turn to study how the same ideas apply to
hetero-nuclear diatomic molecules, and then in the next lecture we will study poly-atomic molecules.

8.3

Heteronuclear diatomic molecules

Following this discussion of the electronic structure of homonuclear diatomic molecules, now we turn to study
those molecules which are composed by two different atoms, known as heteronuclear molecules. In order to
start the discussion, we must first of all take a step back and revisit our discussion of the H2 molecule. There
we saw that the molecular orbitals, Eq. (7.14), were constructed from a linear combination of the 1s atomic
orbitals of H and were given by
Ψ± = N (ΨA ± ΨB ) ,
(8.12)
with the same normalization factor N for the two components. In other words, the two atomic orbitals
ΨA and ΨB contribute with the same weight to the molecular orbital. The resulting electronic molecular
configuration was (1σg )2 , which corresponds to a bonding orbital (the Ψ+ combination).
We can now apply the ideas of Molecular Orbital Theory for the case of heteronuclear diatomic molecules.
In this case the molecular electronic wave function will be of the form:
Ψ = cA ΨA + cB ΨB ,

(8.13)

with the main difference as compared to homo-nuclear molecules are that:
• In general cA 6= cB , and each atomic orbital carries different weight.
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Figure 8.3: The electronic structure of the O2 molecule. The 8 electrons from the n = 2 shells are involved in
the formation of the molecular orbitals and the corresponding chemical binding. The molecule is stable because the
overall binding energy in this case is dominated by that of the bonding orbitals rather than by the anti-bonding
orbitals. Indeed, one can check that the binding order is b = (8 − 4)/2 = 2 > 0 and thus the formation of this
molecule is energetically favorable.
• For the same reason, the corresponding atomic orbitals ΨA and ΨB used to construct the molecular
orbital Ψ in Eq. (8.13) will now have associated different energies.
• The fact that c2A 6= c2B also implies that the probability distribution of the electrons involved in the
molecular bond will not be symmetric with respect inter-nuclear axis, but will be peaked either close
to A or close to B (depending if which of the two coefficients is bigger).
This property in particular has the consequence that that the resulting chemical binding will be polarised, that is, it will exhibit a non-zero electric dipole moment.
• The values of cA and cB need to ensure the normalisation of the total molecular wave function, as was
shown in Sect. 7.5.
Let us illustrate these concepts with an specific example, namely the HF molecule. The molecular wave
function will be given by
ΨHF = cH ΨH + cF ΨF ,
(8.14)
where with ΨH we indicate the 1s orbital of H while ΨF stands for the 2pz atomic orbital of F. These are
the two atomic orbitals that are involved in this chemical bond. It is possible to determine that the values of
the coefficients are cH = 0.24 and cF = 0.97 for the ground molecular state and cH = 0.97 and cF = −0.24
for the first excited molecular state, as represented schematically in Fig. 8.4. Further, for this molecule two
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two atomic orbitals barely overlap, and one can assume safely that S ' 0.
From these values for the coefficients cA and cF and of the overlap integral S we can determine that:
• In both cases the molecular wave functions will be normalized since c2F + c2H = 1 (and the individual
atomic orbitals are normalised by construction).
Recall that in the general case the condition that the molecular wave function is normalised reads
c2A,i + c2B,i + 2c∗A,i cB,i × S = 1 ,

(8.15)

c2A,i + c2B,i = 1 .

(8.16)

ΨHF,+ = 0.24 ΨH + 0.97 ΨF ,

(8.17)

which for S = 0 reduces to

• The molecular ground state,
is dominated by the 2pz orbital of F, given that cF  cH . Therefore, the electrons in this orbital
will be closer to F than to H, as illustrated schematically in the right panel of Fig. 8.4. This is a
consequence of the fact that the total positive effective charge of F, Zeff  1, is rather larger than that
of H, with Z = 1.
• The electron density is asymmetric with respect to the axis that connects the two nuclei, given that
the electron is more likely to be found close to the F nucleus. This implies that HF is a polar molecule
with a non-zero electron dipole moment.
In general, in a heteronuclear diatomic molecule, if the element A is more likely to attract elements (for
instance if its effective electric charge ZA,eff is larger) than one will have that |cA |2 > |cB |2 . Such molecules
will thus be asymmetric and polar, as in the case of HF.
The final interesting property of the HF molecule concerns the relation between its two molecular orbitals:
• As discussed in Sect. 7.5, electronic molecular orbitals should be orthogonal among them. This implies
that we expect that
Z
dτ Ψ∗HF,+ ΨHF,− = 0 .
(8.18)
Let us explicitly verify this property:
Z
Z
dτ Ψ∗HF,+ ΨHF,− = dτ (0.24 ΨH + 0.97 ΨF ) (0.97 ΨH − 0.24 ΨF )
Z
Z
= 0.24 × 0.97 × dτ |ΨH |2 − 0.24 × 0.97 × dτ |ΨF |2 − 0.242 × S + 0.972 × S = 0 ,

(8.19)
(8.20)

where we have used that individual atomic orbitals are normalised and that for this molecule the overlap integral vanishes. So as required the bonding ΨHF,+ and anti-bonding ΨHF,+ molecular orbitals are orthogonal
among themselves.

8.4

The variational principle for diatomic molecules

So far, when constructing molecular wave functions of the using linear combination of atomic orbitals of the
form
Ψ = cA ΨA + cB ΨB ,
(8.21)
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electron density in the HF molecule

Figure 8.4: Left: the energies of the molecular orbitals of HF, compared to that of the original atomic orbitals. The
ground state is dominated by the 2p orbital of F, as shown by the fact that they have similar ionisation energies.
Right: the electron density in the HF molecule is larger closer to the F nucleus than to the hydrogen, inducing a
net electric dipole moment in the molecule: the regions with a higher likelihood of finding the electrons will be on
average more negatively charged than the regions with lower likelihood of finding them.

we have taken the values of the coefficients cA and cB as given. Further, so far we have not been able
to evaluate in general the values of the energies of the molecular orbitals. In the context of the quantum
mechanics of molecules, the variational principle represents a powerful method to determine the values of
the coefficients and energies. This variational principle is based the following main idea:

A randomly chosen molecular wave function, Ψ, has associated an energy E higher than the energy
for the “true” molecular wave function of the ground state Ψ0 , that is, E ≤ E0 , given that the ground
state is by construction the state with the smallest energy of the system.
Therefore, the procedure underlying the variational principle is the following:
• one starts by constructing a “test” wave function, Ψ = cA ΨA + cB ΨB , as a linear combination of
atomic orbitals, with initially random values values of cA and cB ,
• then one varies the values of cA and cB until the total energy of the molecule E has been minimised:
we identify the resulting values of cA and cB as those that define the molecular ground state.
From the mathematical point of view, the variational principle corresponds to finding the solution of an
optimisation problem of the form
∂E
∂E
=
= 0,
(8.22)
∂cA
∂cB
where total energy of the molecule, E, is the expectation value of the corresponding Hamiltonian:
R ∗
b
Ψ HΨdτ
E(cA , cB ) = R ∗
,
Ψ Ψdτ

(8.23)
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with Ĥ the electronic Hamiltonian of the molecule, see for example Eq. (7.12) for the case of the H+
2 molecule,
and as usual dτ indicates integration over all phase space. The variational principle is widely used in quantum
mechanics, in particular to find the ground states and energies of quantum systems for which an analytical
treatment is not available.
Let us now compute the energy Eq. (8.23) in the specific case of an heteronuclear diatomic molecule,
where the molecular orbital is expressed as a linear combination of atomic orbitals as
Ψ = cA ΨA + cB ΨB .

(8.24)

We start by computing the denominator in Eq. (8.23). Using the fact that ΨA and ΨB are normalized atomic
orbitals, one has that
Z
Z
Ψ∗ Ψdτ = c2A + c2B + 2cA cB S ,

S=

Ψ∗A ΨB dτ

(8.25)

with S being the usual overlap integral between the atomic orbitals. The corresponding expression for the
numerator of Eq. (8.23) is given by
Z

b
Ψ∗ HΨdτ
= c2A αA + c2B αB + 2cA cB β ,

(8.26)

where we have defined the following terms:
Z
αA

≡
Z

αB

≡
Z

β

≡

b A dτ ,
Ψ∗A HΨ

(8.27)

b B dτ ,
Ψ∗B HΨ

(8.28)

b A dτ .
Ψ∗B HΨ

(8.29)

In the equations above, αA and αB correspond to the expectation values of the molecular Hamiltonian
operator Ĥ for the atomic orbitals ΨA and ΨB respectively, namely the energies of these two atomic orbitals.
For example, for the H2 molecules, we would have that αA = αB = E1s , the energy of the 1s electronic
orbital (ground state).
Then in Eq. (8.29) β is known as the resonance integral, is typically negative, and vanishes in the case
where the atomic orbitals do not overlap (for example when A and B are far from each other). Note that S
and β differ because in the latter case one has to account for the effect of the Hamiltonian before evaluating
the overlap of the wave functions. In other words, while S is a dimensionless quantity β has units of energy.
Combining all this information together, we find that the energy of the molecule as a function of the
coefficients cA and cB will be given by
E(cA , cB ) =

c2A αA + c2B αB + 2cA cB β
.
c2A + c2B + 2cA cB S

(8.30)

We can now impose the variational principle, Eq. (8.22), to determine the values of cA and cB which minimise
the total energy of the molecule. Applying these conditions one finds:
∂E
∂cA
∂E
∂cB

=
=

(αA − E)cA + (β − SE)cB
= 0,
c2A + c2B + 2cA cB S
(αB − E)cB + (β − SE)cA
= 0,
c2A + c2B + 2cA cB S

(8.31)
(8.32)
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so therefore the coefficients cA and cB must satisfy the following requirements:
(αA − E) cA + (β − ES) cB

=

0,

(β − ES) cA + (αB − E) cB

=

0.

(8.33)

The solution of the above system of linear equations, as can be shown explicitly, is the one that satisfies the
following equation:

E 2 (1 − S 2 ) + E(2βS − (αA + αB )) + αA αB − β 2 = 0 ,
(8.34)
which in turn leads to two solutions for the molecular energy E, corresponding to the bonding and the
anti-bonding orbitals respectively:


1/2 
/2(1 − S 2 ) .
E± = αA + αB − 2βS ∓ (αA + αB − 2βS)2 − 4(1 − S 2 )(αA αB − β 2 )

(8.35)

Let us study this result for some important cases.
Diatomic homonuclear molecules.
and the solution simplifies as follows

First, in the case of homonuclear molecules, we have αA = αB = α,

2
(αA + αB − 2βS)2 − 4(1 − S 2 )(αA αB − β 2 ) = (2α − 2βS)2 − 4(1 − S 2 )(αA
− β 2 ) = 4(Sα − β)2 ,

(8.36)

so therefore we have that the general solution is written down as
E± =

α(1 ∓ S) ± β(1 ∓ S)
(2α − 2βS) ∓ 2(Sα − β)
=
,
2(1 − S 2 )
(1 − S)(1 + S)

(8.37)

from which we can obtain the result for the energies of the molecular orbitals
E± =

α±β
,
1±S

(8.38)

where the (equal) coefficients in the bonding orbital are
cA = cB = (2(1 + S))

1/2

,

(8.39)

while for the anti-bonding orbital with energy E− we have instead
cA = −cB = (2(1 − S))

1/2

.

(8.40)

This is consistent with the results that we derived in the case of diatomic homonuclear molecules in the
context of molecular orbital theory in Sect. 7.5, see in particular Eqns. (7.38) and (7.42). So the variational
principle reproduces the general results of Molecular Orbital theory in the case of homo-nuclear molecules.
The zero-overlap approximation. In the more complicated case of heteronuclear molecules, we can
simplify the solution by setting the overlap integral to zero, that is, S = 0. This is the so-called zero overlap
approximation. In this case the molecular energies are found to be
"

2 #1/2
1
2β
1
E± = (αA + αB ) ∓ |αA − αB | 1 +
.
2
2
αA − αB

(8.41)
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Figure 8.5: The variation of the energies of the molecular orbitals as the energy difference of the contributing atomic
orbitals is changed. The plots are for β = −1; the blue lines correspond to the case where there is no mixing and the
resonance integral vanishes, β = 0 (this is the case known as the zero-orbital approximation).

It is illustrative to plot this solution as a function of |αA − αB |, which is a measure of how different are the
energies of the two atoms that compose the molecule. With this motivation in Fig. 8.5 we plot the following
quantity
"

2 #1/2
E±
1
1 (αA − αB )
2β
− =±
1+
(8.42)
|αA + αB | 2
2 |αA + αB |
αA − αB
as a function of |αA + αB |/|αA − αB |. We see that Eq. (8.42) increases (decreases) for E− (E+ ) more or less
linearly for large values of its argument. We also see that for large values of the argument of Eq. (8.42), the
contribution from the resonance integral β is markedly suppressed. It is also interesting to point out that in
the limit |αA − αB | → 0, that is, when αA = αB = α, we have that:
1
β
E±
− =±
2α
2
2α

→

E± = α ± β .

(8.43)

The state with energy E+ = α − |β| corresponds to a bonding orbital, while for the state with energy
E− = α + |β| corresponds instead to an anti-bonding orbital. Therefore, in this limit we recover again the
results of the homonuclear case for the limit in which the overlap integral S = 0 vanishes.
Small resonance integral limit. Another interesting configuration corresponds to the limit where |αA −
αB |  2|β|. This is the limit in which there is a big energy difference between the two atomic orbitals, as
measured in the units of the resonance integral β. In this limit we can perform a Taylor expansion and find
the following values for the energies:
E+

=

E−

=

β2
,
|αA − αB |
β2
max(αA , αB ) +
,
|αA − αB |
min(αA , αB ) −

(8.44)
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from where we see that the absolute values of the energies |E± | is maximal for two similar atomic orbitals
αA ' αB . In this approximation, and recalling that we are working in the zero overlap limit, we find the
following values for the cA and cB coefficients:

cA =

1+

αA − E±
β

2 !−1/2


cB = −

,

αA − E±
β


cA .

(8.45)

which can be evaluated given the values of the energies of the atomic orbitals αA and αB and of the resonance
integral β.
The variation principle for the HF molecule
In order to illustrate the applications of the variational principle for the calculation of molecular
orbitals of heteronuclear diatomic molecules, we can use again the HF molecule from Fig. 8.4. This
molecule is characterised by the following numerical values:
• Energy of the atomic orbital A (H1s ): αA = −13.6 eV.
• Energy of the atomic orbital B (F2pz ): αB = −17.4 eV.
• Value of the resonance integral: β ' −1 eV.
• Value of the orbital integral: S ' 0.
Therefore, the difference between the energies of the two molecular orbitals, αA − αB = 3.8 eV is
rather larger than the resonance integral β = −1 eV and then we can use the “small resonance
integral” and “zero overlap” approximations leading to Eq. (8.44), which leads to
E+ ' −17.4 eV −

1 eV2
' −17.663 eV ,
3.8

(8.46)

1 eV2
' −13.337 eV ,
(8.47)
3.8
consistent with the values for the energies of the molecular orbitals quoted in Fig. 8.4.
Concerning corresponding values of the coefficients cA and cB , using the results of the variational
principle and this two approximations one has for the ground state (molecular bonding orbital):
E− ' −13.6 eV +


cA =

1+

αA − E+
β


cB = −

2 !−1/2

αA − E+
β


=



1+


cA = −

−13.6 + 17.6
−1

−13.6 + 17.6
−1

2 !−1/2
= 0.243 ,

(8.48)


0.243 = 0.97 .

(8.49)

which again are the same values as those quoted in Fig. 8.4. Therefore we have used the variational
principle to construct the ground state of the HF molecule, and it is given by
ΨHF,+ = 0.24 ΨH1s + 0.97 ΨF2p .

(8.50)

For completeness, let us verify that we can also reproduce the coefficients of the anti-bonding orbital. In
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this case we have that in the same zero-overlap and small-resonance limit

cA =

1+

αA − E−
β


cB = −

2 !−1/2


=

αA − E−
β



1+


cA = −

−13.6 + 13.4
−1

−13.6 + 13.4
−1

2 !−1/2
= 0.9671 ,

(8.51)


0.98 = −0.25 .

(8.52)

and therefore the anti-bonding molecular wave function of the HF orbital is given by
ΨHF,− = 0.97cA − 0.25cB .

(8.53)

As discussed above, the bonding and anti-bonding orbitals should be orthogonal among them. One can show
that this is a generic property of molecular orbitals: molecular wave functions ΨM corresponding to orbitals
of different energy should be orthogonal among them.

Summary
To summarize, some important concepts that we have learned in this lecture about the electronic structure
of homo-nuclear and hetero-nuclear molecules are the following:
• The filling order of molecular orbitals in diatomic molecules follows similar rules as in the case of
the filling order of multi-electron atoms, and in particular it has associated an specific version of the
building-up principle (and Hund’s rule also applies).
• The difference between the number of bonding and anti-bonding orbitals determines the chemical
stability of a molecule, as well as the strength of the associated chemical bond.
• In the case of hetero-nuclear diatomic molecules, the coefficients cA and cB that multiply the two
atomic orbitals ΨA and ΨB will in general be different due to the different electro-affinity of the two
elements.
• The variational principle can be used to determine the coefficients of the linear combination of atomic
orbitals composing an heteronuclear diatomic molecule.
In the next lecture we complete with our study of the chemical bonding of molecules in the framework
of Molecular Orbital theory by considering more complex molecules, in particular molecules composed by
more than two atoms.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
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Chapters in textbook
• 9A.3: Polyatomic molecules.
• 9B.2: Orbital notation.
• 9C.1: Electron configurations.
• 9D.1: Polar bonds.
• 9D.2: The variation principle.
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9

HC9: Chemical bounds and molecules III

In the previous two lectures we have studied chemical bonding and molecular orbitals in homo-nuclear
and hetero-nuclear molecules. In this lecture, we complete our study of chemical bonding in molecules by
considering more complex molecules beyond the diatomic configuration. Specifically, we will consider here
poly-atomic molecules, defined as molecules composed by more than two atoms (in general of a different
type). We will present calculational techniques allowing us to construct molecular orbitals and determine
their energies for some specific types of complex molecules.

The learning goals of this lecture are:
(a) Extending the methods of Molecular Orbital theory to poly-atomic molecules.
(b) Expressing the solutions of the variational principle as a linear algebra matrix problem.
(c) Applying the Huckel approximation to the description of molecular energies of complex
molecules such as benzene.
(d) Determine the main physical properties of the weak molecular bond known as hydrogen bridges.

9.1

Molecular orbitals for poly-atomic molecules with the Huckel method

We start this lecture by presented how we can construct the molecular orbitals for poly-atomic molecules
(composed by more than two atoms). Building upon the same approach that we developed previously in our
study of molecular orbitals for the case of diatomic molecules, here we will also assume that the molecular
wave function can be constructed as a linear combination of atomic orbitals (LCAO) of the form:
Ψ=

N
X

ck Ψk ,

(9.1)

k=1

with N the number of atoms that compose a molecule, and Ψk the corresponding atomic electronic orbitals.
One difficulty with this approach is that it becomes very cumbersome for N  2, and in addition it is not
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straightforward to generalize the variational principle to poly-atomic molecules.
In this context, it is useful to introduce the so-called Huckel method. This approach is a variation of the
LCAO method to construct molecular orbitals for a specific type of poly-atomic molecules:
Conjugated hydrocarbon molecules
The Huckel method can be applied to the π-orbitals of conjugated hydrocarbon molecules. By conjugated molecules we denote molecules which contain a system of connected p orbitals with delocalised
electrons, and hydrocarbons are those molecules composed entirely of C and H atoms.
The basic idea of the Huckel method is that the π-type molecular orbitals should be treated independently
from the σ-type ones. Recall here that the σ-type orbitals are such that they determine the overall shape of
the molecule.
Let us illustrate how the Huckel approach works with an explicit example, namely the C2 H4 molecule
(ethene). Recall than in the context of Valence Bond theory (Sect. 7.4), this molecular orbital was explained
from a sp2 -type hybridisation leading to a σ-type C-C bond and a π-type C-C bond. Therefore, the two
carbon atoms of the ethene molecule are linked by means of a double bond. In the context of Molecular
Orbital theory, we can now construct the following wave function
Ψ = cA ΨA + cB ΨB ,

(9.2)

corresponding to the π orbitals, so ΨA and ΨB correspond here to the 2p orbitals of the two C atoms. Recall
that the electronic electronic structure of the Carbon atom is 1s2 2s2 2p1x 2p1y , and therefore two 2p orbitals
are available to form chemical bonds.
We can now use the variational principle, see Sect. 8.4, in order to determine the energies of the molecular
orbitals, using the fact that αA = αB (since the bond involves two identical atoms). As we saw there, see
Eq. (8.33), the values of the coefficients cA , cB and thus of the energies E± are determined by the solution
of the following equation:
α − E β − ES
= 0,
(9.3)
β − ES α − E
where S was the overlap integral and β the resonance integral, Eq. (8.29). Eq. (9.3) is a quadratic equation
that can be solved analytically, but the corresponding equations involving ≥ 3 atoms are rather more
complicated and in general cannot be solved except by using numerical techniques. Therefore if we want to
construct molecular orbitals for more complex molecules we need to introduce a number of approximations,
which are the basis of the Huckel method.
Assumptions in the Huckel method. The Huckel method to solve Eq. (9.3) is based on the following
set of approximations, which as we will show then generalise to more complex molecules:
• Set to zero all the overlap integrals, S = 0.
• Set to zero all the resonance integrals, β = 0, for all the atoms that are not nearest-neighbors among
them.
• The resonance integrals for neighboring atoms take always the same value, β, irrespective of the specific
type of atom.
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While these are quite drastic approximations, they still provide a useful way to estimate the structure and
energies of the molecular orbitals of poly-atomic molecules without too much calculational effort.
By means of these approximations, the energies of the ethene molecule computed with the variational
principle Eq. (9.3) simplify to the following:
α−E
β − ES

β − ES
α−E

=0

⇒

α−E
β

β
α−E

2

= (α − E) − β 2 = 0 ,

(9.4)

which leads to the result that we also found in the case of the diatomic molecules, namely
E± = α ± β ,

(9.5)

see Eq. (8.38) and the fact that we are imposing that the overlap integral vanishes, S = 0. If one recalls
that since the resonance integral β is negative (β < 0), E+ corresponds to the bonding orbital while E−
corresponds instead to the anti-bonding orbital.
Note that the Huckel approach involves a fair degree of simplification: all diagonal elements become equal
to α − E, all the non diagonal elements between neighboring atoms become β, and all other elements in
the matrix are set to zero. This kind of linear algebra systems are rather easier to solve than the original
systems. Within this approximation, the molecular orbitals of ethene are given by
1
Ψ± = √ [ΨA,2pz ± ΨB,2pz ] .
2

(9.6)

The usefulness of the Huckel approximation relies on that fact that it allows us to compute the molecular
orbitals of poly-atomic molecules in a simplified way while still obtaining reasonably sensible results.

9.2

Matrix formulation of Huckel theory

In full generality, the Huckel theory to construct molecular orbitals can be framed as a linear algebra matrix
problem. Let us show how this is the case. Recall that the variational principle (Sect. 8.4) lead to the
following system of equations for the coefficients cA and cB for a heteronuclear diatomic molecule:
(αA − E) cA + (β − ES) cB = 0 ,
(β − ES) cA + (αB − E) cB = 0 .

(9.7)

Now, let us change notation and express these equations as follows:
αJ = HJJ ,

β = HAB ,

SAB = S ,

ESJJ = E ,

(9.8)

where the last substitution applies only to the diagonal entries. Note that here we are simply multiplying
by one, since the diagonal overlap integral satisfies
Z
SJJ = Ψ∗J ΨJ = 1 ,
(9.9)
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due to the normalisation of the atomic orbitals. Using this notation, the system of equations determined
from the variational principle now reads
(HAA − ESAA ) cA + (HAB − ESAB ) cB = 0 ,
(HBA − ESBA ) cA + (HBB − ESBB ) cB = 0 .

(9.10)

The rationale for these substitutions is that the underlying symmetries of the system of equations are now
more manifest. There are two sets of solutions of the above system of equations, which we denote by
(c1A , c1B ) and (c2A , c2B ). With this notation, this system of equations can be written as a matrix equation
in a rather compact way:
HAA − Ei SAA
HBA − Ei SBA

HAB − Ei SAB
HBB − Ei SBB

!

ci,A
ci,B

!
= 0,

i = 1, 2 ,

(9.11)

which can be written as the following matrix equation
b i = Sc
b i Ei ,
Hc

i = 1, 2 ,

(9.12)

where we have defined the matrices
b ≡
H

HAA
HBA

HAB
HBB

!

SAA
SBA

Sb ≡

,

SAB
SBB

!
,

ci =

ci,A
ci,B

!
.

(9.13)

b are symmetric matrices.
Note that both Sb and H
We can express this condition in a yet more compact way by defining the following matrix of coefficients:
c1,A
c1,B

b
c=

c2,A
c2,B

!
,

(9.14)

as well as the matrix of energy values
b=
E

E1
0

0
E2

!
.

(9.15)

With these definitions, we can write Eq. (9.12) in terms of only matrices:
bb
b.
H
c = Sb b
cE

(9.16)

At this point we are ready to simplify this linear algebra problem by using the Huckel assumptions presented
in Sect. 9.1, namely:
• Set to zero all overlap integrals S = 0.
• Set to zero the resonance integrals, β = 0, except for atoms that are nearest neighbors.
• The resonance integral β is taken to be the same for all neighboring atoms.
In matrix notation, these approximations correspond to setting HAB = HBA = β and Sb to the unity
matrix. Therefore Eq. (9.16) simplifies to
bb
b
H
c=b
cE

⇒

bb
b,
b
c−1 H
c=E

(9.17)
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where we have multiplied by b
c−1 the equation from the left, and used the fact that b
c−1 b
c = 1.
b
Eq. (9.17) has the form of an eigenvalue problem: if I apply the Hamiltonian operator for my system H
b
to the matrix of coefficients b
c I recover the same multiplied by the energies of the molecular orbitals E:
Solutions for orbital energies in poly-atomic molecules
e are determined from the transformation that diagonalises the HamilTherefore, the solutions for E
b evaluated using Huckel’s approximations.
tonian matrix H
b that characterize the molecular orbitals of poly-atomic molecules,
Since our goal is to find the energies E
we need to diagonalise first the Hamiltonian of the molecule expressed in matrix form as indicated by
Eq. (9.17).

9.3

Huckel theory for poly-atomic orbitals

Although we have derived Eqns. (9.16) and (9.17) in the case of a molecule with two orbitals, the same
approach can be used for more complex molecules composed by more than two atoms. To illustrate this
point, let us consider the butadiene molecule C4 H6 , schematically represented in Fig. 9.1. Here we have four
carbon atoms, and therefore the molecular Hamiltonian will be a 4 × 4 matrix. Within the approximations
of Huckel’s theory, we can simplify this Hamiltonian matrix as follows:


b =
H



H11
H21
H31
H41

H12
H22
H32
H42

H13
H23
H33
H43

H14
H24
H34
H44





 
 
'
 

α
β
0
0

β
α
β
0

0
β
α
β

0
0
β
α









 = α1 + β 



0
1
0
0

1
0
1
0

0
1
0
1

0
0
1
0




.


(9.18)

Note that the entries of the Hamiltonian matrix are ordered sequentially: say the first row is the leftmost
carbon atom, while the last row corresponds to the rightmost carbon atom. In Fig. 9.1 we show the graphical
correspondence with Eq. (9.1), showing how in the Hamiltonian matrix of this molecule we will have four
factors of α and six factors of β. Note that the left-most and right-most C atom carry a single factor of β
since they have bonds with only one other C atom.

β

α

β

α

β

β

α

α

β

Figure 9.1: The chemical structure of the butadiene molecule, C4 H6 . Each carbon atom has associated a factor α
corresponding to the atomic orbital energy. Each bond between two carbon atoms has associated a factor β from the
resonance integral. The corresponding Hamiltonian in matrix formulation is given by Eq. (9.18).
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Note also that within Huckel’s theory, the resonance integral β is taken to be the same for all neighboring
atoms, irrespective if they have a double bond or a single bond. In Fig. 9.1 we observe that the first and
second C atoms are linked by a double bond while the second and third by a single bond, but the value of
the resonance integral is assumed to remain the same in all cases.
The diagonalisation of the matrix in Eq. (9.1) then leads to the values for the energies of the four molecular
orbitals of butadiene (recall that the C−H bonds are treated separately). One can show either analytically
or numerically that the diagonalisation of this Hamiltonian matrix leads to the following solutions for the
orbital energies:


α + 1.62β
0
0
0


0
α + 0.62β
0
0


(9.19)
E=
,


0
0
α − 0.62β
0
0

0

0

α − 1.62β

where remember that β ≤ 0 and thus the first entry of the matrix corresponds to the molecular orbital with
the lowest energy (in other words, to the molecular ground state). This molecular electronic structure of
the butadiene molecule C4 H6 in the framework of Huckel theory is represented in Fig. 9.2. An example of a
Python program to diagonalise the Hamiltonian matrix is
from numpy import linalg as LA

# define matrix of resonance i n t e g r a l s
beta = [[0 , 1, 0, 0],
[1, 0, 1, 0],
[0, 1, 0, 1],
[0, 0, 1, 0]]

# Solve the eigensystem
w, v = LA.eig(beta)

# print eigenvalues and eigenvectors
print (" \ n eigenvalues = ")
print (w)
print (" \ n eigenvectors = ")
print (v)

The matrix b
c that diagonalises the Hamiltonian then contains the coefficients that allow constructing
the wave functions of the molecular orbitals. You can check from the explicit expression of the matrix b
c
(composed by the eigenvectors of the system) that the resulting molecular orbitals are given by, in order of
increasing energy Ei , by the following linear combinations of atomic orbitals:
Ψ1

=

0.372ΨA + 0.602ΨB + 0.602ΨC + 0.372ΨD ,

Ψ2

=

0.602ΨA + 0.372ΨB − 0.372ΨC − 0.602ΨD ,

Ψ3

=

0.602ΨA − 0.372ΨB − 0.372ΨC + 0.602ΨD ,

Ψ4

=

−0.372ΨA + 0.602ΨB − 0.602ΨC + 0.372ΨD ,

(9.20)

which are represented schematically in Fig. 9.2, and where A, B, C, D indicate the four carbon atoms of
butadiene. We find that in the case of the 1π molecular orbital, which corresponds to that with smallest
energy, all the p-type atomic orbitals interfere in a constructive way. In the case of the 4π anti-bonding
molecular orbital, there is instead a negative interference.
This discussion allows us to gain more insight of the electronic structure of the butadiene molecule. We
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molecular orbitals of butadiene

Figure 9.2: The molecular electronic structure of the butadiene molecule, C4 H6 , in the framework of Huckel theory,
see text for more details. The π-type molecular orbitals are constructed from the 2p orbitals of carbon. Since the
resonance integral β < 0, the molecular orbital with energy α + 1.62 β corresponds to the ground state. The lower the
orbital energy (1π orbital), the more constructive the interference between atomic orbitals is. For the anti-bonding
orbital 4π, the interference between atomic orbitals is maximally destructive.

H system) and 4 π-type bonds
have found that this molecule contains 4×3 σ-type bonds (between the C
(delocalised along the four C atoms). Therefore, the resulting electronic configuration for the latter can be
written as 1π 2 2π 2 .
Binding order in poyatomic molecules
In the same way as for diatomic molecules, also for poly-atomic molecules one also defines their
binding order as
1
b ≡ (N − N ∗ ) ,
(9.21)
2
with N (N ∗ ) the number of electrons occupying bonding (anti-bonding) molecular orbitals. Molecules
with b ≤ 0 are energetically unstable, while those with b > 0 are instead stable.
In the case of butadiene, we have four electrons that participate in the formation of the π molecular
orbitals (one per C atom), and this will occupy 2 the 1π and 2 the 2π MOs. Since both are binding
orbitals, we find that b = 2 for butadiene.
In this context one often uses the following terminology:
• HOMO stands for Highest Occupied Molecular Orbital. In the case of the butadiene molecule, the
HOMO is the 2π bonding orbital.
• LUMO stands for Lowest Unoccupied Molecular Orbital. In the case of the butadiene molecule, the
LUMO is the 3π anti-bonding orbital.
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If we compute the total energy of the occupied π bonds of the butadiene molecule, taking into account that
each orbital fits two electrons, we find that it is given by
Eπ = 2 (α + 1.62β) + 2(α + 0.62β) = 4α + 4.48β < 4α ,

(9.22)

which is smaller than the energy of the original atomic orbitals, thus explaining the stability of the underlying
chemical bonds (recall that the resonance integral satisfies β < 0): the molecular configuration of benzene
leads to a smaller total energy than the four C atoms separately.
Binding energy of π-bonds
We define the binding energy in the π-bonds in conjugated hydrocarbon molecules as
Ebond = Eπ−bonds − NC × α ,

(9.23)

that is, as the energy contained in the π bonds minus the number of C atoms times the individual
atomic energies. For the formation of stable molecular π-bonds, one requires that Ebond < 0.
In the case of the butadiene molecule that we have just discussed, one has that the corresponding
binding energy is given by
Ebond = 4α + 4.48β − 4 × α = 4.48β < 0 ,

(9.24)

confirming the energetic stability of these π-bonds

The case of benzene. Let us consider, as another example of the applications of Huckel theory, the
benzene molecule C6 H6 , illustrated in Fig. 9.3. In this molecule, the σ-type molecular bonds can be explained
by the valence bond theory, while the π-type bonds will be described by Huckel theory. From the geometric
(cyclic) structure of the benzene molecule, see Fig. 9.3, we know that the Hamiltonian, after applying the
Huckel approximations, will be given by





Ĥ = 





α
β
0
0
0
β

β
α
β
0
0
0

0
β
α
β
0
0

0
0
β
α
β
0

0
0
0
β
α
β

β
0
0
0
β
α









 = α1 + β















0
1
0
0
0
1

1
0
1
0
0
0

0
1
0
1
0
0

0
0
1
0
1
0

0
0
0
1
0
1

1
0
0
0
1
0






,





(9.25)

where now for instance we have a β in the last column of the first row since the C atoms in benzene form a
closed structure (since it is a cyclic molecule).
The diagonalisation of the matrix that multiplies the resonance integral β has as eigenvalues ±2 and ±1,
where the latter pair of eigenvalues is repeated. Therefore the energies for the six molecular orbitals will be
given by:
E = α ± 2β , E = α ± β , E = α ± β .
(9.26)
Given that for the benzene molecule we have six electrons that participate in the π-bonds (one per C atom),
this result indicates, as illustrated also in Fig. 9.3, that the a2u and the e1g orbitals are completely filled,
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Figure 9.3: The chemical structure of the benzene molecule, C6 H6 . This molecule is composed by σ bonds between
the C and H atoms and π bonds between the p-type atomic orbitals in C. In the right plot we show the resulting
electronic molecular structure according to Huckel theory.

and thus the total energy associated with the π orbitals is
Eπ = 2(α + 2β) + 4(α + β) = 6α + 8β ,

(9.27)

to be compared to the corresponding result for three ethene molecules (C2 H4 ) where the energy contained
in the π molecular orbitals would be
3 × (2α + 2β) = 6α + 6β ,

(9.28)

showing that the formation of the benzene molecule is energetically favourable as compared to three separate
ethene molecules, which contain after all the same number of π-bonds. The underlying reason for this is
explained next.
Electron delocalisation. In the context of conjugated molecules, one denotes the delocalisation of the
electrons in given molecule as the fact that electrons in π orbitals are free to move around and are not
localised in a fixed bond. The greater the degree of delocalisation of a molecule, the greater their stability.
So in the case of the benzene molecule its delocalisation energy is given by the difference in the π orbitals of
benzene as compared to ethene, namely
Edelocalisation = 2β ' −460 kJ/mol .

(9.29)

The characteristic ring-like structure of benzene shown in Fig. 9.3 indicates that it is an aromatic molecule.
In general, an organic molecule is said to be aromatic if it contains a planar ring formed by 4n + 2 π-electrons
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with n ≥ 0. As another example, in the butadiene molecule represented in Fig. 9.1 the electrons belonging
to the π-type orbitals are free to move along the chain defined by the four C atoms. We can quantify the
degree of delocalisation of the electrons in the π-bonds of a conjugated molecule as follows:
Delocalisation energy of π-bonds
We define the delocalisation energy of π-bonds as
Edeloc = Eπ−bonds − NC × (α + β) ,

(9.30)

since α + β represents the energy of a C−C π bond, which is the minimum “unit” of localisation in
a molecule. 2α + 2β also corresponds to the energy of the ΨM,+ orbital of ethene C2 H4 .
In the case of the butadiene molecule C6 H6 , its delocalisation energy is
Edeloc = Eπ−bonds − NC × (α + β) = 6α + 8β − 6(α + β) = 2β < 0 ,

(9.31)

and therefore the formation of the cyclic structure of butadiene is energetically favourable as
compared to three separated ethene molecules, C2 H4 , which would however contain the same number
of π-bonds. In this case, it is the electron delocalisation which gives the butadiene molecule an
energetic advantage for its formation. An stable cyclic hydrocarbon will satisfy Edeloc < 0.
One can also compare the binding energy in the two cases
Ebond,butadiene = 6α + 8β − 6α = 8β

(9.32)

3 × Ebond,ethene = 3 × (2α + 2β) − 3 × α = 6β ,

(9.33)

so the difference in the binding energy in the two cases corresponds indeed to the delocalisation energy
arising from the cyclic structure of butadiene.
To summarise the discussions in this section, Huckel theory is a semi-empirical method to calculate the
molecular orbitals of the π type in various types of molecules. It is based on rather dramatic simplifications
of the Hamiltonian of the systems, which neglects important effects but allows to explain quantitatively the
main features of these bonds. It also allows us to evaluate important properties of molecules, such as their
binding energy and their delocalisation energy, which explain their chemical stability and the formation or
not of cyclic structures.

9.4

Hydrogen bonds

We conclude this discussion of the chemical bonds in molecules by explaining the important case of hydrogen
bonds, also known as hydrogen bridges. They arise due to several factors:
• the electrostatic attraction between two polar groups,
• that occurs when a hydrogen atom covalently bound to a highly electro-negative atom such as nitrogen
or oxygen,
• experiences the electrostatic field of another highly electro-negative atom nearby.
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Figure 9.4: We define as lone pairs as a pair of electrons that form part of an atomic orbital not involved in chemical
bonding. An important example are the lone pairs in O within an H2 O molecule, indicated in blue. These are four
electrons that occupy two of the sp3 hybridised orbitals that do not participate in the bonding between O and H.
It is an attractive type of interaction between the A-H molecule and B, where A and B are electro-negative
and B has a lone pair.

We define as lone pairs as a pair of electrons that form part of an atomic orbital not involved in
chemical bonding. An important example are the lone pairs in O within an H2 O molecule, indicated
in blue in Fig. 9.4. These are four electrons that occupy two of the sp3 hybridised orbitals that do
not participate in the bonding between O and H.
Examples of electro-negative elements (that is, with a high power to attract electrons) are N, O, F.
These are therefore elements that that construct molecules that exhibit hydrogen bridges. In terms of its
strength, a hydrogen bond is rather weaker than a covalent bond: ' 20 kJ/mol as compared to ' 400 kJ/mol
respectively. It is still stronger that thermal fluctuations, where kB T ' 2.5 kJ/mol under ambient conditions,
and therefore it is energetically favourable. Note also that the hydrogen bond is a di-polar interaction: the
partially positive H atom binds with the partially negative B atom. Some examples of hydrogen bonds
between different elements are shown in the left panel of Fig. 9.5. For example, an O
H bond can form
a hydrogen bridge with another O atom, as does happen in water.
These hydrogen bonds (or hydrogen bridges) can be described by means of the Molecular Orbital theory.
Following the same notation as in the rest of the lectures, we will denote as
• ΨA is the atomic orbital of element A (which has high electro-negativity).
• ΨH is the 1s orbital of hydrogen,
• ΨB is the orbital corresponding to the lone pair of B, which is involved in the formation of the hydrogen
bridge.
The wave function of the hydrogen bridge will then be written as a linear combination of the atomic orbitals
involved in the bond, namely
Ψ = c1 ΨA + c2 ΨH + c3 ΨB .
(9.34)
As indicated in Fig. 9.5, we will have four electrons in the molecular orbitals corresponding to this hydrogen
bond. There will be in particular three orbitals: the bonding, the non-bonding, and the anti-bonding
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donor
-H :C 2 corresponds to the lone pair of the BOelement.
The bonding and non-bonding molecular orbitals are then
acceptor

donor to an overall bonding interaction (although much weaker than the
completely filled with electrons, leading
covalent bond).
The hydrogen bridge can be understood as a contact interaction between the electron clouds of the
A-H and B systems. Therefore, for this bond to have an appreciable effect the A
B system must be
reasonably close to the atom B. In a covalent bond, the typical distance between the atoms involved in the
bind is around 1.3 Armstrong. But in a hydrogen bond (or hydrogen bridge), the distance between A
B
and B is larger, typically around 3 Armstrong. If the separation between A
B and B becomes larger
than 3.5 Armstrong, then no hydrogen bridge can be created. So therefore only we need a relatively dense
medium in order that the rate of formation of hydrogen bounds becomes significant enough.

Summary
To summarize, some important concepts that we have learned in this lecture about the electronic structure
of heteronuclear molecules.
• The methods of Molecular Orbital theory can be extended to poly-atomic molecules and be expressed
as a linear algebra matrix problem.
• However the expressions become quickly cumbersome and one needs to introduce approximations to
make them solvable. In the Huckel approximation, overlap integrals are set to zero and also the
resonance integrals except for atoms which are nearest neighbors.
• The Huckel method can be applied to the calculation of of molecular energies for complex molecules
such as benzene.
• Hydrogen bridges are weak molecular bounds that are formed between an A
H system, where A
has high electro-negativity, and B, where B also has high electro-negativity and in addition contains
a lone pair.
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Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
Chapters in textbook
• 9E.1: The Huckel approximation.
• 9E.2: Applications.
Having successfully completed our study of chemical bonding in molecules from the point of view of quantum
theory, in the rest of the lectures we will study the interaction of molecules and nuclei with different types of
electromagnetic radiation. This will include a discussion of other types of dynamics that can take place in
molecules beyond the motion of the electrons, in particular the rotational and vibrational spectra of atomic
nuclei within molecules.
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HC10: Light-matter interactions in molecules I

From Quantum to Molecule
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Following the discussion of chemical bonding in molecules, we turn in this final part of the course to discuss the interaction of molecules and nuclei with different types of electromagnetic radiation, a topic which
is known as light-matter interaction. First of all, in HC10 we will discuss the general properties of molecular
spectroscopy and vibrational spectra, where by spectroscopy we understand the study of the interaction between electromagnetic radiation and matter using different experimental techniques. Then in HC11 we will
study electronic transitions in molecules. Finally, in HC12 we will illustrate the underpinnings of Nuclear
Magnetic Resonance (MNR), highlighting how quantum physics is central to one of the most widely used
methods of medical imaging.

The learning goals of this lecture are:
• Understanding and applying the basic properties of absorption and emission of electromagnetic
radiation in molecules.
• Becoming familiar with the vibrational states and the corresponding transitions among them
for di- and poly-atomic molecules.
• Determining how vibrational transitions lead the interactions with infrared light via Raman
scattering, and learn how to exploit this knowledge for practical applications.

10.1

Basics of light-matter interaction: emission and absorption

The main features of the electromagnetic wave spectrum are summarised in Fig. 10.1. At the quantum level,
electromagnetic waves are represented by photons, the quanta of light. The relation between the energy of
a photon, its wavelength, and its frequency is given by
Eγ = hν =

hc
.
λ

(10.1)

Therefore, photons with short (long) wavelengths λ correspond to photons with large (small) frequencies ν
and energies Eγ . Note that visible light occupies just a small region of the full EM spectrum. Radio waves
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The Electromagnetic Waves Spectrum

Figure 10.1: The electromagnetic wave spectrum. Photons with short (long) wavelengths λ correspond to photons
with large (small) frequencies ν and energies Eγ , since Eγ = hν = hc/λ. The visible light occupies just a small region
of the full EM spectrum.

correspond to very long wavelengths (meters or kilometers) and low energies, while gamma rays have the
highest energies and shortest wavelength (at the level of interatomic distances). It is clear from Fig. 10.1
that different types of electromagnetic radiation cover different spans of photon energy, and therefore can be
used to probe different properties of atoms and molecules.
The interaction between light (photons) and matter can take place in two main ways:
• the absorption of electromagnetic radiation by matter,
• or the complementary process, the emission of electromagnetic radiation. This emission can be either
spontaneous or stimulated, as we explain below.
Let us start by considering a two-level system, represented in Fig. 10.2. This is a quantum system in
which a given particle, say an electron in a molecular orbital, can only occupy two quantum states, one with
energy Ei , called the ground state, and the other with energy Ef with Ef > Ei , called the excited level. Note
that in all processes involving photons energy must always be conserved. For example, if the state occupies
the excited level and decays to the ground state, the energy of the emitted photon will satisfy
Ein = Efin

→

Ef = Ei + Eγ .

(10.2)

In such system, one can have the following processes from the interaction between light and matter:
• The spontaneous emission of electromagnetic radiation (in the absence of external radiation) will take
place via the transition Ef → Ei , that is, where the system moves from the excited state to the ground
state. By energy conservation, the energy of the emitted photon will be
Eγ = hν = Ef − Ei ,

and thus

ν = (Ef − Ei ) /h

(10.3)

will be the frequency of the emitted radiation by this system.
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Excited state E=Ef > Ei

Ground state E=Ei
Figure 10.2: Schematic representation of the possible interactions between light and matter for a two-level quantum
system, defined by a ground state with energy Ei and an excited state with energy Ef > Ei . One can have (i)
stimulated absorption of external radiation, (ii) the stimulated emission following absorption of radiation, and (iii)
the spontaneous emission of radiation.

The rate at which this spontaneous emission takes place is constant,
w
ef →i = A ,

(10.4)

where the coefficient A depends for example on the energy difference between the ground and the
excited state. The coefficient A is known as the Einstein constant for spontaneous emission.
• The complementary process to spontaneous emission is that of the stimulated absorption of a photon
with energy Eγ = (Ef − Ei ), which excites the system from the ground state Ei to the excited state
Ef . This is process has an associated transition rate given by
wi→f = Bif ρ(ν) ,

(10.5)

where wi→f represent for the number of transitions i → f from stimulated absorption which take place
per unit time and per molecule in the system, Bif is known as the Einstein coefficient for stimulated
absorption, and ρ(ν) is the spectral energy density of the isotropic radiation field at the frequency ν of
the transition, in other words, the density of states available for a photon of frequency ν.
From Eq. (10.5), we can derive that the total number of stimulated absorptions Wi→f that take place
in our system is
Wi→f = Ni wi→f = Ni Bif ρ(ν) ,
(10.6)
where Ni is the number (or its density) of molecules in the system in the ground state.
• The spontaneous emission of photons is not the only possible way to induce a f → i transition in
our system. In the presence of external electromagnetic radiation (incoming photons) in our two-level
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Figure 10.3: Stimulated emission of electromagnetic radiation in a two-level quantum system. The system is found
in the excited state E2 , and as result of the interaction with an incident photon with energy Eγ = hν = E2 − E1 , the
system ends up in the ground state and two photons with energy Eγ are emitted from the system.

system, as illustrated in Fig. 10.3, an stimulated emission of a photon will also take place, and the
associated transition rate is
wf →i = Bf i ρ(ν) ,
(10.7)
where Bf i is the Einstein coefficient for stimulated emission. In this case, the total number of stimulated emissions Wf →i that take place in our system is
Wf →i = Nf wf →i = Nf Bf i ρ(ν) ,

(10.8)

where Nf is the number (or its density) of molecules in the system in the excited state.
Note that the difference between spontaneous and stimulated emission is that in the latter case the
system of molecules is already in the presence of electromagnetic radiation with frequency Eq. (10.3). In
contrast, spontaneous emission of a photon corresponds to the case where no external electromagnetic
radiation is present in our system.
These three processes: (i) stimulated absorption, (ii) spontaneous emission, and (iii) stimulated
emission are enough to explain the majority of light-matter interaction phenomena.
Let us assume for a moment that the Einstein coefficients for stimulated absorption and emission are the
same, Bf i = Bif , and neglect the contribution from spontaneous emission. If this is the case, one finds that
in thermal equilibrium, where the transition rate i → j must be the same as that of j → i (else the system
would not be in equilibrium), one has that
Wf →i = Wi→f

→

Ni = Nf ,

(10.9)

that is, the population of the ground and the excited state is the same. This is in contradiction with
thermodynamics, since according to the Boltzmann distribution the occupation number of a state with
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energy E at temperature T should be


E
N (E) ∼ exp −
kB T


,

(10.10)

with kB being Boltzmann constant, and then the ratio between the population of a state with energy Ef
and another one with density Ei should be classically be given by


(Ef − Ei )
Nf
= exp −
,
Ni
kB T

(10.11)

which is inconsistent with Eq. (10.9).
Of course what is missing here is to include effects of spontaneous emission when equating the i → f and
f → i transition rates. Therefore, the total rate for electromagnetic emission in our system per molecule
will be given by the sum of the rates for spontaneous and stimulated emission,
Wf →i = Wi→f

→

ωf →i + ω
ef →i = ωi→f .

(10.12)

Therefore, in thermal equilibrium, where populations of the two levels, Ni and Nf , do not vary with time,
we find that imposing the equality of transition rates leads to
Ni Bif ρ(ν) = Nf (A + Bf i ρ(ν)) ,

(10.13)

and therefore we obtain the following condition on the density of states for photons of frequency ν,
ρ(ν) =

Nf A
A/Bif
A/Bif
,
=
= hν/k T
B
Ni Bif − Nf Bf i
Ni /Nf − Bf i /Bif
− Bf i /Bif
e

(10.14)

where in the last step we have used the condition that Nf /Ni should be determined by the Boltzmann
distribution Eq. (10.11).
We can compare with result with the expected frequency spectrum of electromagnetic radiation in thermal
equilibrium at temperature T , where the density of states for photons of frequency ν is given by Planck’s
distribution,
8πhν 3 /c3
ρ(ν) = hν/k T
,
(10.15)
B
e
−1
and then the comparison with Eq. (10.14) allows us to identify Bf i = Bif ≡ B as well as to determine the
Einstein coefficient for spontaneous emission, which is given by

A=

8πhν 3
c3


B.

(10.16)

There are a number of important implications of this derivation:
• The Einstein coefficients for stimulated absorption and emission are identical. In other ways, stimulated
absorption and emission are fully symmetric processes.
• The Einstein coefficient A for spontaneous emission is proportional to B, that of stimulated emission.
In other words, spontaneous and stimulated photon emission take place at rates that are proportional
to each other in a given system.
• Since A ∼ ν 3 , we find that spontaneous emission becomes important for high frequencies, i.e. is
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important for visible light emission but much less for radio emission.
Selection rules for photon emission and absorption. In general, not all transitions involving the
emission and absorption of photons that are consistent with energy conservation will be allowed in a given
quantum system. There are two main conditions for photon emission and absorption to take place for a
specific quantum system, and these are:
(a) Resonance: the energy of the photon must be the same as the difference in energy between ground
level and the excited state, hν = Ef − Ei .
(b) Selection rules: conditions on the quantum numbers of the states f and i which restrict the allowed
transitions, arising for instance from the conservation of angular momentum (since the photon is a
spin-1 particle).
The origin of these selection rules can be traced back to the formalism of quantum theory. Classically,
for a molecule to interact with an electromagnetic field and emit or absorb a photon with frequency ν, it
must posses, even if for a short amount of time, a dipole oscillating at that frequency. In quantum theory,
the corresponding Hamiltonian for this interaction is
b =H
b (0) + H
b (1) (t)
H

b (1) (t) = −µz E cos(ωt) ,
H

(10.17)

b (0) is the time-independent (static) Hamiltonian of the system and H
b (1) (t) is the time-dependent
where H
interaction term between the oscillating electric field of frequency ω and amplitude E and the molecular
dipole moment µz . It is possible to show that the rate of change of the population of the quantum state Ψf
b (1) (t) (where Ψf and Ψi are eigenstates of the time-independent
due to transitions from Ψi induced by H
b (0) ) is given by
Hamiltonian H
(1)

wf ←i ∝ |Hf i |2

Z
where

Hf i ≡

b (1) (t)Ψi dτ ,
Ψ∗f H

which in the case of electromagnetic radiation corresponds to
Z
wf ←i ∝ |µf i |2 E 2 µf i = Ψ∗f µ
bz Ψi dτ ,

(10.18)

(10.19)

and therefore the rate of this transition is proportional to the square of the transition dipole moment µf i .
For µf i = 0, the rate vanishes and thus such specific transition is not allowed. This is the main condition
that underlies the selection rules for electronic transitions in a molecule. Recall that for atoms we have that
µ
~b = −e~r ,

(10.20)

so that its components are µx = −ex and so on, and a similar expression holds for molecules but summing
over all its individual components. In summary, the main consequence of the selection rules is that
Selection rules for light-matter interaction in molecules
Electronic transitions in molecules involving the emission or absorption of photons can only take place
if the corresponding dipole matrix element is different from zero, µf i 6= 0. The condition µf i 6= 0
implies a modification in the geometric distribution of the electric charge within a given atomic state.
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Selection rules for electronic transitions

1s => 2s (forbidden)

1s => 2p (allowed)

Figure 10.4: In electronic transitions in molecules involving the emission and absorption of photons, only those
transitions which involve an electric charge redistribution, implying non-zero value of the electric dipole moment
matrix element µf i 6= 0, are allowed by the selection sum rules. For instance, the 1s → 2s transition (left plot) does
not involve a change of shape of the charge distribution, and thus is forbidden, unlike the 1s → 2p transition (right
plot) which is instead allowed since the shape of the electric charge distribution changes.

Let us illustrate this concept with two examples:
• The transition 1s → 2s does not have associated any charge shape redistribution, since both atomic
orbitals are spherically symmetric, therefore in this case µf i = 0 and this transition is not allowed.
• For the transition 1s → 2p we move from a spherically symmetric orbital (1s) to another which is not
(2p), implying that there is a charge redistribution, so µf i 6= 0 and that this transition is allowed.
This behaviour is illustrated in Fig. 10.4, which represents the changes in the electric charge distribution
in the 1s → 2s transition (forbidden) and in the 1s → 2p transition (allowed).

10.2

Vibrational spectroscopy in diatomic molecules

Let us go back to the discussion on diatomic molecules that we started in Sect. 7.1. There we saw that the
simplest diatomic molecule was ionised molecular hydrogen, H2+ , represented in the left panel of Fig. 10.5.
The molecular orbitals of this molecule have been studied in some detail in Sect. 7.5. There we worked in the
Born-Oppenheimer approximation, assuming that the position of the two protons was fixed: namely, that
the inter-nuclear distance was fixed to the equilibrium position that maximised the binding energy, R = Re ,
indicated in the right panel of Fig. 10.5. This approximation allowed us to decouple the wave function for
the electronic motion from that of the nuclear motion, and in the last three lectures we examined the former
in great detail.
Vibrational spectroscopy
Now we can consider the degrees of freedom associated to the relative motion of the nuclei that form
a diatomic molecule, namely the variations of R with respect to Re . As we will now show, this motion
follows the rule of the harmonic oscillator, and therefore we denote these modes as vibrational modes.
These vibrational modes can be probed (for example excited) by illuminating the molecules with
electromagnetic radiation with the appropriate wavelength, in what is called vibrational spectroscopy.
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Figure 10.5: Left: the simplest molecule is composed by two atomic nuclei, A and B, which interact with a single
electron. For example, in the case of the H2+ molecule, the nuclei A and B would two protons. We denote by R
the inter-nuclear distance, and rA1 (rA2 ) the distance between the electron and the nucleus A (B). Right: the total
energy of the molecule is a function of the inter-nuclear separation R, with Re being the equilibrium radius which
corresponds to the molecular ground state.

We can now describe the main features of this nuclear motion within a diatomic molecule. The potential
energy of ionised molecular hydrogen can be represented by a potential V (R) of the form of Fig. 10.6, where
R denotes the distance between the two protons that compose the molecule. This potential is characterized
by an equilibrium distance Re where it has an absolute minimum (thus V 0 (R = Re ) = 0), so that for smaller
or larger values of the inter-atomic separation R the potential energy increases. This potential is known as
the Morse potential, and can be described by the equation

2
V (R) = De 1 − e−a(R−Re ) ,

(10.21)

where R is the inter-atomic distance, Re the equilibrium distance, a is a parameter that determines the
width of the potential well. Some interesting features of this potential are:
• De is the dissociation energy, the energy above which the molecule separates into its two constituents
atoms separately (in other words, R → ∞).
If the system founds itself in the classical equilibrium position, R = Re , absorbing a photon with
energy Eγ = De would result into the breaking of the molecule.
• When R → 0 the potential becomes highly repulsive, due to the electric repulsion between the two
positive charges of the protons.
• The larger the value of a, the narrower than the Morse potential will be and the more limited the
nuclear motion can be.
Note also that in general the Morse potential holds for all types of diatomic molecules, not only for molecular
hydrogen.
For small deviations of the inter-nuclear distances R with respect the equilibrium position Re , the Morse
potential reduces to the harmonic oscillator potential. Indeed, starting from Eq. (10.21) we find that we can
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Figure 10.6: The Morse potential V (r)/De Eq. (10.21) as a function of r/re , for two values of the parameter a. We
note that when the separation is large, r  re , the Morse potential V (r) tends to the dissociation energy De : even
small energy fluctuations can break the molecule in this limit. For small values of r the Morse potential becomes
highly repulsive because of the two positive electric charges of the proton.

proceed with a Taylor expansion of the form
V (R = Re ) = 0


dV (R)
= 2De 1 − e−a(R−Re ) (−ae−a(R−Re ) ) = 0 → R = Re
dR
d2 V (R)
(R = Re ) = 2a2 De ,
dR2

(10.22)
(10.23)
(10.24)

and therefore the Taylor expansion of the Morse potential up to second order reads


2
3
V (R) ' a2 De (R − Re ) + O (R − Re ) ,

(10.25)

which can be identified with an harmonic oscillator potential, such as the one we studied in some detail in
Sect. 3.3, with spring constant now set to kf = 2a2 De . In other words, the larger the value of a, the stiffer
the attraction between the two atoms that form the diatomic molecule.

The vibrational modes of a diatomic molecule can be described to good approximation by the states
of a quantum harmonic oscillator with spring constant kf = 2a2 De .
In Sect. 3.3, we showed that the Schroedinger equation for a quantum harmonic oscillator was given by
−

~2 d2 Ψ 1
+ kf x2 Ψ = EΨ ,
2meff dx2
2

(10.26)

where since vibrations are with respect the center of mass of the diatomic system, the effective mass is given
by the reduced mass of the system, defined as
meff =

m1 m2
.
m1 + m2

(10.27)
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The energies of the quantum harmonic oscillator are quantized and given by

En =

r



1
n+
2

~ω ,

ω=

kf
,
meff

(10.28)

and thus the quantum states are equally spaced in energy among them. Eq. (10.28) can be rewritten as
en ,
En = hcG

en ≡
G



1
νe ,
n+
2

1
νe =
2πc



kf
meff

1/2
,

(10.29)

which is sometimes useful since now Gn has units of wave numbers, that is, units of inverse length.
Applications of vibrational spectroscopy
Consider a homonuclear diatomic molecule described by the Morse potential. Within the harmonic
approximation, we would like to compute the frequency wavelengths of the photon required to excite
the molecule from the vibrational ground state to the fourth excited state.
The vibrational modes of a diatomic molecule are described by the effects of the Morse potential

2
V (r) = De 1 − e−a(r−re ) ,

(10.30)

and close enough to the minimum, the potential reduces to that of the harmonic oscillator whose
energy levels are
r


1
kf
~ω ,
ω=
En = n +
(10.31)
2
meff
where kf = 2a2 De and the effective mass in the case of a diatomic homonuclear molecule is given by
meff =

m2
= m/2 ,
m+m

(10.32)

such that the vibrational energy levels of the molecule are:

 r
1
De
En = 2~ n +
,
a
2
m

n = 0, 1, 2, . . . .

(10.33)

If the molecule now absorbs a photon of energy Eγ , it will excite its vibrational state from the ground
state n = 0 to the fourth excited state n = 4. We can determine what the energy of this photon
should be by means of energy conservation:
r
Eγ = E4 − E0 = 8~a

De
.
m

(10.34)

The wavelength associated to this photon can be readily computed using
hc
π
λ=
=
Eγ
4a

s

mc2
,
De

(10.35)

which has the right units since a has units of inverse length and mc2 /De is dimensionless.
The angular frequency of these vibrational oscillations is given by ω. Note how in the example above
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the value of λ provides useful information about the molecule (via m) and the vibrational interaction (via
De and a) which can be used to identify it by spectroscopy experiments. Indeed, vibrational spectroscopy
provides a unique handle to identify molecules, since each molecule is characterised by a specific set of values
for a, De and meff , and thus of modes with frequencies ω than can be excited only by photons of a suitable
energy.
What is the order of magnitude for frequencies associated to these transitions between different vibrational states in a diatomic molecule? In the case of the HCl molecule for instance, we have that the effective
spring constant is found to be kf = 520 N/m, and then it is possible to show that the typical wavelength
associated to vibrational transitions in HCl is λ ' 3.4 µm, which corresponds to the infrared region of the
electromagnetic spectrum, see Fig. 10.1. Therefore, molecular vibrational modes can be explored by means
of infrared IR spectroscopy.
Vibrational vs electronic spectroscopy
It is instructive to compare this result with the analogous quantity from electronic molecular spectroscopy. For example in the HF molecule we found that the energies of the bonding and anti-bonding
orbitals where E+ = −17.663 eV and E− = −13.337 eV. Therefore, exciting an electron from the
latter to the former requires a wavelength of
λ=

hc
1240 eV nm
' 300 nm ,
=
E− − E+
4.326 eV

(10.36)

which corresponds to ultraviolet radiation. Therefore exciting vibrational modes requires light of
much shorter wavelength than exciting molecular electronic modes.

Selection rules in vibrational spectroscopy. As in the case of transitions between molecular electronic
states, also for the transitions between molecular vibrational states that involve the emission or absorption
of a photon there exist a number of selection rules that restrict the allowed transitions. As in the case of
individual atoms, the allowed transitions will be determined by the dipole moment matrix element
Z
µ
~ f i = Ψ∗f µ
~b Ψi dτ
(10.37)
where in the case of molecules the dipole moment operator reads
µ
~b =

N
X

qi~ri ,

(10.38)

i=1

and the sum runs over the components of the system.
For individual atoms, only transitions for which µ
~ f i 6= 0, and thus involving a charge redistribution,
were allowed. For infrared transitions between vibrational states of a molecule, the condition for allowed
transitions is that the electric dipole moment of the molecule changes when the atoms are displaced relative
to each other. From the wave functions harmonic oscillator, it can be demonstrated that transitions between
molecular vibrational states involving the emission or absorption of photons must satisfy:
∆n = ±1 ,

(10.39)
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with n the principal quantum number, which involves a change in wave number of
en = G
e n+1 − G
e n = νe ,
∆G

(10.40)

which is independent of n.
At room temperatures we have that KT /hc ' 200 cm−1 , so this will be the typical wave number of
infrared absorptions by vibrational modes. Since from thermodynamics we know that the ground state
n = 0 will be the one with higher occupation, this implies that infrared absorption by molecules will be
dominated by the fundamental transition 1 ← 0.
Anharmonicity. While for small values of n the harmonic approximation Eq. (10.25) to the Morse potential Eq. (10.21) is reasonable, for excited states with high values of the quantum number n eventually the
quadratic approximation will break down. To see this, let us first of all rewrite the Morse potential as
2

e e 1 − e−a(R−Re ) ,
V (R) = hcD


a=

meff ω 2
ee
2hcD

2
.

(10.41)

Then, as n is increased, the energy levels become more densely packed, as opposed to the result with the
quadratic potential where ∆En = En+1 − En = ~ω was constant and independent of n. It can be shown
that the energy of the harmonic oscillator for larger values of n is better approximated by

Gn =

1
n+
2




2
1
νe − n +
xe νe ,
2

xe ≡

a2 ~
νe
=
,
ee
2meff ω
4D

(10.42)

and xe is defined as the anharmonicity constant, which quantifies the deviations of the energy of the vibrational modes of a diatomic molecule with respect to the quadratic approximation. What this means is that
now the differences in wavenumber between two adjacent quantum states will be given by
en ≡ G
e n+1 − G
e n = νe − 2(n + 1)xe νe + O(n2 ) ,
∆G

(10.43)

so we see that for high values of n the separation between adjacent energy levels will be reduced due to
these anharmonicity effects. We also note that anharmonicity also leads to the partial lifting of the ∆n = ±1
selection rule for vibrational modes, since that rule was derived assuming an harmonic potential.

10.3

Vibrational modes and light interaction in poly-atomic molecules

Up to here, the discussions concerning the vibration modes have been restricted to the simplest possible
molecules, namely diatomic molecules. Next we turn to discuss the effects of vibrational models in more
complex molecules composed by more than two atoms. The main differences as compared to the diatomic
case are that:
• In molecules composed by two atoms, there can only be one possible vibration mode, corresponding to
vibrations with respect the equilibrium position of the inter-atomic potential.
• For a molecule composed by N atoms, in general we can have up to 3N − 5 vibrational modes.
Of particular interest are the so called normal modes of vibration, which is another name for the independent vibration modes. The excitation of a normal vibration mode, which affects the motion of a number
of atoms, does not lead to the excitation of any other normal mode or group of atomic motions.
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Normal vibration modes
Normal modes van CO2
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Bending modes
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Figure 10.7: Some of the normal vibration modes that appear in CO2 (left plot) and in H2 O (right plot) molecules,
where we also indicate the associated value of the wave number associated to each mode. In the case of CO2 , the
first two modes are known as symmetric stretch and antisymmetric stretch respectively, while the two bottom ones
are the bending modes.

An suitable example of a poly-atomic molecule is carbon dioxide, CO2 . Since this molecule has three
atoms, N = 3, it will be characterized by 3N − 5 = 4 normal modes. An interesting question here is: can the
first and the third atom in the molecule vibrate in a fully independent way? As illustrated in Fig. 10.7, there
are various possible vibration models of the CO2 molecule. The first two modes are known as symmetric
stretch and antisymmetric stretch respectively, while the two bottom ones are the bending modes. We also
indicate the indicate the associated value of the wave number associated to each mode. Every normal mode
behaves as a fully independent harmonic oscillator, characterized by their own set of vibrational energy levels
with wave numbers



1/2
1
1
kq
e
Gq (n) = n +
νeq νeq =
.
(10.44)
2
2πc mq
Given that the selection rules require a change in the electric dipole moment to activate a given vibration
mode, we see that:
• The symmetric stretch vibrational mode is infrared inactive, since the electric dipole moment (the
electric charge distribution of the molecule) is unchanged.
• The other three normal modes of the CO2 molecule are IR active, since the electric dipole moment
(the electric charge distribution) varies during the vibrational motion.
Therefore, not all possible vibrational modes of a molecule can be probed with infrared spectroscopy.

Summary
To summarize, some of the important concepts that we have learned in this lecture are the following:
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• The interactions between molecules and light can be described by three different processes: spontaneous
emission, stimulated emission, and stimulated absorption.
• The quantum vibrational states of molecules can be modeled using the harmonic oscillator with a
given effective mass and effective spring constant kf upon approximating the inter-atomic potential by
a quadratic expansion.
• There exist selection rules which restrict the vibrational transitions, and only those that change the
electric dipole moment of the molecule are allowed.
• For excited vibrational states, deviations of the quadratic potential become important, and are quantified by xe , the anharmonicity constant.
• An a poly-atomic molecule, the normal modes represent the independent motion of groups of atoms,
and each normal mode can be treated as fully independent harmonic oscillator.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
Chapters in textbook
• 11A.1: The absorption and emission of radiation.
• 11B.2: The rotational energy levels.
• 11C.1: Vibrational motion.
• 11C.3: Anharmonicity.
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HC11: Light-matter interactions in molecules II

van Quantum tot Molecuul
Dr Juan Rojo
VU Amsterdam and Nikhef Theory Group
http://www.juanrojo.com/
j.rojo@vu.nl
In this lecture, we continue our study of molecular spectroscopy and electronic transitions in molecules
focusing on p-electron conjugate systems, the Franck-Condon principle, the physics underlying the phenomena of fluorescence and phosphorescence, as well as the basic principles of operation of a laser. We will
also present an explicit application of these ideas in the medical context, namely the photo-dynamic therapy
(PDT).

The learning goals of this lecture are:
(a) Understanding and applying π-π ∗ electronic transitions in molecules.
(b) Understanding which electronic transitions can take place for either absorption or emission
of a photon while the atomic nuclei are at rest (the Franck-Condon principle), including the
mathematical description and implications of absorption and emission spectra.
(c) Applying the principles of fluorescence and phosphorescence.
(d) Demonstrating basic principles that underlie the operation of a laser, such as the concept of
population inversion.

11.1

Electronic transitions in molecules

In Sect. 10.2 we studied the transitions between different vibrational states of a molecule, mediated by the
emission of absorption of photons. We now consider instead the electronic transitions that take place between
the different electronic states of a molecule, such as those described by Molecular Orbital theory. As opposed
to vibrational transitions, which were associated to infrared frequencies, electronic molecular transitions take
place mainly in the visible and ultraviolet regions of the electromagnetic spectrum, and therefore, among
the many important properties of these transitions, they are also responsible of the color of materials and
substances.
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Molecular Orbitals

Pi-Bond !
(partial overlap of atomic p orbitals)

Pi and σ bonds in Ethilene

Figure 11.1: Left plot: a π-bond in a molecule is formed by the partial overlap between atomic p-type orbitals. Right
plot: the bonding structure of ethylene, C2 H4 , showing a σ bond between the two C atoms (rotationally symmetric
with respect to the bond axis) and the two halves of the π bond arising from the p atomic orbitals.
Molecular orbitals. It is useful at this point to recall some important properties of molecular orbitals,
first presented in Sect. 7. We know that that electronic orbitals in atoms can have different orbital angular
momentum quantum numbers: s (l = 0), p (l = 1), d (l = 2) and so on, each one with different geometric
properties. In molecules, under the right circumstances, the electrons might become de-localized by means
of the overlap between individual atomic orbitals, that is, they cannot be assigned to any of the specific
components of the molecule. This is the basic principle of Molecular Orbital theory.
The strongest type of chemical covalent bonds in molecules are known as σ-bonds, formed by a head-on
overlapping between atomic orbitals leading to a molecular orbital. The key property of this bond is that
the resulting orbitals are rotationally symmetric with respect to the bond axis. Another important type of
molecular bonds are the so-called π-bonds, covalent chemical bonds where two lobes of one atomic orbital
overlap with the two lobes of another atomic orbital, resulting in the bonding between the two atoms. In
Fig. 11.1 we show how a π-bond in a di-atomic molecule is formed by the partial overlap between atomic
p-type orbitals. In the same figure we also show the bonding structure of the ethylene molecule, C2 H4 ,
showing a σ bond between the two C atoms (rotationally symmetric with respect to the bond axis) and the
two halves of the π bond arising from the p atomic orbitals.
In this lecture we will focus on conjugate p-electron systems, which denote molecules where atomic p-type
orbitals are connected by means of de-localized electrons, thus giving place to π-type covalent bonds. These
molecules are very important in organic chemistry and biology, and the wide majority of light-absorbing
molecules, known as chromophores, that appear biology are indeed p-electron conjugate systems.
The electronic transitions within a conjugate p-electron molecular system are known as the π → π ∗
transitions. This is a specific type of molecular electronic transitions, others include the σ → σ ∗ and the
n → σ ∗ transitions. Here by π ∗ we indicate an anti-bonding molecular orbital of the π-type, that is, a
molecular orbital that when occupied by electrons weakens the bond between the constituents atoms of the
molecule and thus increases (rather than decreases) the energy of the molecule relative to the separated
individual atoms. These π → π ∗ transitions, involving de-localized p-orbitals, can be described by Huckel
theory (Sect. 9.1) and are characterized by strong light absorption. Recall that Huckel theory can be used to
construct linear combinations of atomic orbitals (LCAO) into molecular orbitals to determine the energies
of π electrons in general conjugated molecules.
For molecular orbitals, we often make the distinction between HOMO, the highest occupied molecular
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Figure 11.2: Schematic representation of the molecular orbitals of the butadiene molecule, C4 H8 . The two bottom
orbitals are bonding π molecular orbitals, while the top two ones are instead anti-bonding π ∗ molecular orbitals. The
highest occupied molecular orbital (HOMO) is here π2 , while the lowest unoccupied molecular orbital (LUMO) is
instead π3∗ . Note that in the HOMO the two electrons are paired (opposite spins).

orbital and LUMO, the lowest unoccupied molecular orbital. Let us consider the representative case of the
butadiene molecule C4 H6 . In Fig. 11.2 we show a schematic representation of the molecular orbitals of
butadiene. The two bottom orbitals are bonding π molecular orbitals, while the top two are instead antibonding π ∗ molecular orbitals. The highest occupied molecular orbital (HOMO) is here π2 , while the lowest
unoccupied molecular orbital (LUMO) is instead π3∗ . Note that in the HOMO the two electrons are paired,
that is, they have opposite spins.
Allowed molecular transitions. In order to determine which electronic molecular transitions are possible, we need to take into account the corresponding selection rules. In the case of individual atoms and
of vibrational transitions in molecules, these selection rules have been reviewed in HC10. Similarly as in
the case of the selection rules for electronic transitions in individual atoms, also for electronic transitions in
molecules, only if the dipole moment matrix element satisfies µf i 6= 0 a given transition will be allowed.
Therefore, in the case of electronic transitions between the molecular orbitals of butadiene represented
in Fig. 11.2, only those that are characterized by a non-zero electric dipole matrix element, µf i 6= 0, will be
physically allowed. Using the wave function for the molecular orbitals of butadiene, it it can be shown that
Z
Ψ∗π3∗ µ̂ Ψπ2 dτ 6= 0 ,
(11.1)
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and therefore a transition between the HOMO and LUMO levels, that is, a π → π ∗ transition, is allowed.
This transition will have associated the absorption of visible light by the butadiene molecule. It can also be
shown that is x is the molecular bonding axis, only µx,f i 6= 0, while instead µy,f i = µz,f i = 0. This has the
consequence that the optical transition π2 → π3∗ will only be possible for light polarized along the x axis. On
the other hand, the absorption of a photon by the HOMO-1 level, that is, the electronic state immediately
below HOMO, labeled π1 in Fig. 11.2, resulting into a transition to the LUMO level π3∗ turns out not to be
allowed by the selection rules, since the corresponding dipole moment matrix element vanish,
Z
Ψ∗π3∗ µ̂ Ψπ1 dτ = 0 .
(11.2)
By computing the energy of allowed electronic molecular transitions, it can be shown that often organic
molecules actually absorb light in the ultraviolet range, for instance ethylene absorbs at λ = 163 nm while
butadiene at λ = 220 nm.
More about electronic molecular transitions. We can now present some additional facts that are
important for the understanding of the physics underlying electronic transitions between molecular orbitals:
• In molecular orbitals, the conjugation length is defined as the length of the orbital resulting from the
partial overlap of atomic p-orbitals. The more p-orbitals that contribute to a molecular orbital, the
larger its conjugation length will be. This means that an electron that belongs to this orbital will be
more de-localized the larger the conjugating length of that orbital, since it will be able to hop between
more atoms that compose the molecule. As a general rule, the greater the conjugation length of a
molecular orbital, and this the greater the amount of de-localization of the electrons that belong to
this orbital, the smaller its energy, or in other words, the stronger its contribution to the molecular
bonding.
Recall that a similar behaviour was observed when studying the particle in a box system using the
Schroedinger equation in Sect. 3.1. There we saw that the energy of the allowed quantum states of
the particle scaled with the length of the box L as E ∼ L−2 , in other words, the greater the box (and
thus the de-localization) the smaller the energy of the particle, qualitatively the same behaviour as for
molecular orbitals.
• Another important type of electronic molecular transitions are the n → π ∗ optical transitions. Recall
that by n we denote the molecular orbital of an auxochrome, a functional group of atoms with free
(unbounded) electron pairs that when attached to a chromophore (that is, a light-absorbing molecule)
modifies both the wavelength and intensity of absorption. In some circumstances, an electron might
transition between a n orbital of an auxochrome to the π ∗ orbital of a chromophore. In this transitions,
the larger the conjugation length, the larger the extinction coefficient that determines how strongly
this specific molecule will absorb light of a given wavelength.
• It can be shown that there is a direct connection between the value of the dipole moment transition
matrix element µf i and the extinction coefficient (ν) for light of a given frequency, that determines
how strongly this molecule does absorb light of this specific frequency. Intuitively, one could expect
that the greater the value of the electric dipole moment transition matrix element µf i , the stronger the
absorption of light with wavelengths corresponding to this specific electronic transition. And indeed,
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the integral over all frequencies of (ν) is proportional to the square of µf i , in other words
Z

(ν)dν ∝ |µf i |2 .

(11.3)

Therefore, for very narrow transitions, the extinction coefficient  is simply proportional to |µf i |2 .

11.2

The Franck-Condon principle

We now turn to discuss the Franck-Condon principle, which describes the transitions in which a simultaneous
change in the vibrational and electronic states of a molecule takes place, due to the emission or absorption
of a photon of the appropriate energy. This principle is important to explain the vibrational fine structure
in the optical absorption spectrum. Recall that vibrational transitions (in the infrared range of the EM
spectrum) have associated much smaller energies than optical transitions (in the visible range), and thus
appear in the optical absorption spectrum as small splittings of the main absorption lines. In general, we
denote as a vibronic transition a transition that involves simultaneous modifications in the vibrational and
electronic energy states of a given molecule.
The Franck-Condon (FC) principle states that since nuclei are so much more massive than electrons,
me  mN , electronic transitions between different quantum states take place at much shorter time-scales
that those for which the nuclei can respond, therefore the vibrational transitions take place at slower rates. In
other words, the probability of an electronic molecular transition is the highest where the relative separation
between two atomic nuclei is unchanged. This phenomenon is thus also known as a vertical transition, since
in a (r, E) plane the transition takes place vertically along the y axis, as shown in Fig. 11.3. As in general in
quantum mechanics, the transition probability will be proportional to the overlap between vibrational wave
functions in the ground electronic and in an excited electronic states, and it can be shown that this overlap
is maximal when the relative separation between nuclei r is unchanged.
The physical interpretation of the Franck-Condon principle is summarized in Fig. 11.3, where we show
a schematic representation of the molecular potential energies for the ground and the excited electronic
states in a molecule. This molecular potential energy is nothing by the Morse potential that we discussed
in HC10, Eq. (10.21). According to the Franck-Condon principle, the most intense vibronic transitions take
place between the ground vibrational state in the electronic ground state to to the vibrational state lying
immediately above it in the electronic excited state. Transitions to other vibrational states also occur, but
with lower intensities.
In the quantum mechanical description of the FC principle, the molecule undergoes a transition to the
upper vibrational state that most closely resembles the vibrational wave-function of the vibrational ground
state of the lower electronic state. The two wave functions shown here exhibit the greatest overlap and hence
the matrix element for the transition probability among them is the highest.
Dipole matrix element for vibronic transitions. In order to compute the matrix element for the
electric dipole moment of such a vibronic transition, we need to take into account the sum of electronic and
of nuclear contributions to the total molecular dipole moment operator, that is
µ
~ˆ = −e

X
j

~rj + e

X

~I ,
ZI R

(11.4)

I

where j runs over the electrons and I over the nuclei in our molecule, and ZI is the total positive charge of
the nucleus I. In order to compute the dipole transition matrix element, for both the initial and final states
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Figure 11.3: Schematic representation of the molecular potential energy (Morse potential Eq. (10.21)) for the
ground and the excited electronic states in a molecule. Left plot: according to the Franck-Condon principle, the most
intense vibronic transitions takes place between the ground vibrational state in the electronic ground state to to the
vibrational state lying immediately above it in the electronic excited state, in a way that the inter-nuclei separation
is kept constant. Transitions to other vibrational states also occur, but this lower intensities. Right plot: in the
quantum mechanical description of the FC principle, the molecule undergoes a transition to the upper vibrational
state that most closely resembles the vibrational wave-function of the vibrational ground state of the lower electronic
state. The two wave functions shown here exhibit the greatest overlap, and hence the matrix element for the transition
probability among them is the highest, corresponding to a transition with fixed inter-nuclear separation.

we separate the wave function into its electronic Ψ and vibrational Ψν components. This way the dipole
matrix element for a given vibronic transition between an initial Ψi = Ψi Ψνi and final Ψf = Ψf Ψνf final
state, will be given by


Z
X
X
~ I  Ψ Ψν dτ ,
µ
~ f i = Ψ∗f Ψ∗νf −e
~rj + e
ZI R
(11.5)
i
i
j

I

which can be rearranged as follows:
Z
Z
XZ
X Z
~ I Ψν dτν ,
µ
~ f i = −e
Ψ∗f ~rj Ψi dτ Ψ∗νf Ψνi dτν + e
ZI Ψ∗f Ψi dτ Ψ∗νf R
i
j

(11.6)

I

~I
where we have used that the vibrational wave functions Ψν depend only on the inter-nuclei separation R
while the electronic wave functions Ψi depend only on the position of the electrons ~ri .
The second term in Eq. (11.6) vanishes since the electronic wave functions are orthogonal among them,
Z

Ψ∗f Ψi dτ = 0

for

i 6= i ,

(11.7)
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but note that this does not apply to the vibrational wave functions necessarily, they correspond to different
electronic states so they do not need to be orthogonal among them. Taking this property into account, we
find that the dipole matrix element can be written as
Z
XZ
∗
Ψf ~rj Ψi dτ Ψ∗νf Ψνi dτν ≡ µf i S(νf , νi ) ,
(11.8)
µ
~ f i = −e
j

where we have introduced the following definitions:
µf i ≡ −e

XZ

Ψ∗f ~rj Ψi dτ .

(11.9)

j

Z
S(νf , νi ) ≡

Ψ∗νf Ψνi dτν .

(11.10)

The first of these expressions, µf i , corresponds to the electronic dipole transition matrix element between
two molecular electronic states. The second of these expressions, S(νf , νi ), corresponds instead to the
overlap between the vibrational wave functions in the ground and in the excited states. Therefore, the rate
for a vibronic transition that involves simultaneously the change in the electronic and vibrational states of
a molecule will be proportional to the Franck-Condon factor,
|S(νf , νi )|2 ,

(11.11)

which states quantitatively what was qualitatively illustrated in Fig. 11.3, namely that the rate for vibronic
transitions is maximal when the vibrational wave functions in the ground and excited electronic states
resemble the most.

11.3

Fluorescence and phosphorescence

We now describe to important phenomena related to light emission by molecules:
• Phosphorescence is the slow emission of light in molecules, taking place in an interval of microseconds
or more.
• Fluorescence is the fast emission of light in molecules, taking place within a time interval of nanoseconds
or less.
Therefore, these two phenomena related to light emission in molecules have time scales that differ by several
orders of magnitude, and now we explain the reason for this behaviour.
Fluorescence. Let us start by discussing the phenomenon of fluorescence. From our discussion of HC10,
we can recall a number of important properties of the electronic transitions within the two-level system,
represented in Figs. 10.2 and 10.3, in particular we found that:
• The Einstein coefficient for stimulated absorption Bf i was proportional to the integral of the extinction
coefficient over the relevant absorption band. It is therefore an intrinsic property of a given molecule.
• The Einstein coefficients for stimulated absorption and emission are identical, Bf i = Bif ≡ B.
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• The Einstein coefficient for spontaneous emission A was proportional to both B and ν 3 , with ν being
the frequency of the emitted light:


8πhν 3
B,
(11.12)
A=
c3
implying that spontaneous emission become relevant only at relatively high frequencies.
With these properties, we can compute rate of variation in time of the population of molecules in in the
excited electronic state f due to emission an absorption as follows
dNf
= −Nf A − Nf Bif ρ(ν) + Ni Bf i ρ(ν) .
dt

(11.13)

In normal circumstances ρ(ν), the density of states of the EM field is small (unless a very powerful illumination is used) and can be neglected. This leaves a simple differential equation which depends only on the
probability of spontaneous emission A,
dNf
= −Nf A
dt

→

Nf (t) = N0 e−At = N0 e−t/τR ,

(11.14)

where τR = 1/A is the radiative lifetime of this specific electronic state of the molecule. The higher the rate
for spontaneous emission, the smaller the radiative lifetime of the molecule will be. In the absence of other
processes that decrease the population of the state f , the radiative lifetime τR is equal to the total lifetime
of the excited state.
In general however there are other contributions to this process that need to be taken into account.
Indeed, the total life time of an excited state f will receive contributions from various mechanisms, in
addition to spontaneous emission. The most important ones are:
• The internal conversion (IC) from an excited vibrational state to the vibrational ground state of a
given electronic level, with constant rate kIC .
• An inter-system crossing (ISC) from a singlet to a triplet state, with constant rate kISC
• Other processes such as electron transfer , with constant rate kQ .
To study these electronic transitions within molecules, in general it is useful to use a special type of
diagrams known as Jablonski diagram, which schematically indicates the transitions that can take place
starting from an excited state. In Fig. 11.4 we show the schematic representation of the fluorescence and
phosphorescence phenomena by means of a Jablonski diagram. In this diagram, A indicates the absorption of
a photon, F and P represent the fluorescence and phosphorescence transitions respectively, S and T denote
singlet and triplet states, and finally IC and ISC label the internal conversion and the inter-system crossing
respectively.
Let us discuss the Jablonski diagram of Fig. 11.4. First of all, an electron in the electronic ground state
absorbs an incoming photon and is promoted to an excited electronic state, as well as to an excited vibrational
state. From the internal conversion (IC) process, this electron loses energy via non-radiative (vibrational)
transitions until it is found in the ground vibrational state of the first excited electronic state S1 . From
there on, two things can happen: either decay to the electronic ground state (fluorescence) or a inter-system
crossing (ISC) to a triplet state, which eventually gives rise to a much slower light emission (phosphoresce)
since the triplet to singlet transition is suppressed. We therefore see that an important component of the
fluorescence process involves the molecule relaxing from an excited vibrational state to the lowest vibrational
state via non-radiative transitions.
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Figure 11.4: Schematic representation of the fluorescence and phosphorescence phenomena by means of the Jablonski
diagram. In this diagram, A indicates the absorption of a photon, F and P represent the fluorescence and phosphorescence transitions respectively, S and T denote singlet and triplet states, and finally IC and ISC label the internal
conversion and the inter-system crossing respectively.
As a result of the competition between the various processes that de-populate the excited state f , its total
lifetime τ will be in general shorter than the radiation lifetime τR . The total lifetime of the excited state is
called the fluorescence lifetime τF . Therefore, in general the radiative lifetime will be different (larger) from
the fluorescence lifetime. Let us make this statement more quantitative. In the presence of these additional
processes, the occupancy number of the electronic state f , Nf , will vary with time as follows:
dNf
= −Nf (A + kIC + kISC + kQ )
dt

→

Nf (t) = N0 e−(A+kIC +kISC +kQ )t ,

(11.15)

from where we readily see that the fluorescence lifetime τF will be determined by the sum of the rates of all
processes that de-populate f , namely,
1/τF = A + kIC + kISC + kQ ,

(11.16)

In the fluorescence process, one usually introduces the quantum yield ΦF defined as the number of emitted
photons divided by the number of absorbed photons
ΦF ≡

# Emitted Photons
A
=
,
# Absorbed Photons
A + kIC + kISC + kQ

(11.17)

Let us know take a look at the rates for these various processes in a representative molecule, in this case
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clorofyll. In this molecule, the rates for the various processes that de-populate the quantum state f are
kR = A

=

0.5 × 108 s−1

→

τR = 20 ns

−1

→

τISC = 10 ns

→

τIC = 16.6 ns

8

kISC

=

1.0 × 10 s

kIC

=

1.5 × 108 s−1

(11.18)

from where the fluorescence lifetime is τF = 3.3 ns, and the fluorescence quantum yield ΦF = 0.166, meaning
that for each 100 absorbed photons by the molecule, there will be 16 emitted photons.
As can be seen from the Jablonski diagram in Fig. 11.4, in general fluorescence radiation will correspond
to longer wavelengths (that is, smaller energies) than the absorbed light, since the electrons undergo internal
transitions losing energy before a photon is radiated. This difference is as known as the Stokes shift: the
difference, either in wavelength or in wave number, between the absorption and fluorescence emission maxima.
Phosphorescence. In the phosphorescence radiation phenomenon, the molecule goes from a singlet excited
state to a triplet excited state, via the so-called inter-system crossing. as illustrated in Fig. 11.4 (see also
the left plot of Fig. 11.7). The resulting triplet states are long-lived, with lifetimes that can range from
microseconds to seconds, since a transition to the ground state is forbidden by the selection rules (Pauli
exclusion principle). Recall that a singlet to triplet conversion is a transition from paired spin to unpaired
spin in a given molecular electronic state.
Therefore, as shown in Fig. 11.5, the origin of a phosphorescence transition is a transition from a ground
singlet state (with paired spins) to the excited LUMO state where the electron spin remains the same. From
there, a transition from the excited singlet state to the excluded triplet state via inter-system crossing will
take place, since the latter has lower energy due to Hunds’s rule. This inter-system crossing is enhanced by
the spin-orbit coupling, and thus mostly occurs when heavy nuclei are nearby, such as S, Fe or Mg. The
longevity of the phosphorescence radiation is then explain since the relaxation of a triplet to a singlet ground
state is spin-forbidden.
The key property of phosphorescence is that, following light absorption, the subsequent re-emission takes
place at a lower intensity for up to several hours after the original excitation. It is thus a very slow transition.

11.4

Lasers

The use of lasers is ubiquitous in spectroscopy, as well as in many forms of microscopy and in a wealth
of medical applications. Therefore, it is important to understand how a laser works. The name laser was
originally an acronym of Light Amplification by Stimulated Emission of Radiation, since it is a device that
amplifies the intensity of the incident electromagnetic radiation. Let us now show how this is possible.
To illustrate how a laser works, we consider first of all the usual two-level system, such as the one depicted
in Fig. 10.2. Since the Einstein coefficient for stimulated emission is Bif , the rate of f → i transitions leading
to light stimulated emission will be given by Nf Bif ρ(ν), as we have demonstrated in HC10. Now, a necessary
condition for lasing is achieving population inversion in the system, that is, a situation such that in thermal
equilibrium the population of excited states is higher than the population of lower energy states. Only under
this condition it will be possible to achieve more stimulated emission than stimulated absorption, and this
achieve amplification of the incident radiation intensity. Otherwise, given that the Einstein coefficients for
stimulated absorption and emission are the same, Bf i = Bif , and that in thermal equilibrium the ratio of
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Figure 11.5: In phosphorescence transitions, the molecule undergoes an inter-system crossing from a singlet to a
triplet state, and the resulting state has a very long lifetime since the relaxation from the excited triplet to the singlet
ground state is not allowed by Pauli’s exclusion principle.

populations of the ground state and the excited state are given by the Boltzmann distribution


Ef − Ei
Nf
,
= exp −
Ni
kB T

(11.19)

it would be impossible to achieve more emission than absorption.
The concept of population inversion in the simple case of a two-level system is illustrated in Fig. 11.6:
starting from a system in thermal equilibrium, obeying Boltzmann statistics and thus where the population
of the excited state is smaller than that of the ground state, Nf < Ni , a pumping system increases the
population of the excited state until it becomes larger than that of the ground state. Under these conditions,
the overall rates for stimulated emission will be higher than those of the stimulated absorption, and lasing
(light amplification) will take place. The crucial point for the laser operation is therefore how to best
implement this pumping to achieve population inversion.
It is easy to realize is that actually lasing is impossible in a two level system. To see this, note that due
to the equality of the Einstein coefficients, Bif = Bf i , the population of Nf can only be as large as 50%
of the total population of the system, NT = Ni + Nf , no matter how hard we pump. To implement the
lasing concept one needs at least a system with three quantum states or even four. In Fig. 11.6 we show
the schematic operation of a three-level and four-level laser, where we indicate the specific transition that is
responsible for the lasing. Of all the possible transitions in the system, the one that is responsible for the
lasing effect (and that requires population inversion) is A → X for the three-level laser and A → A0 for the
four-level laser, and therefore the pumping should be such that in equilibrium NA ≥ NX (NA ≥ NA0 ) for the
three (four) level laser. The best molecules to be used for lasing are thus for which the rates of inter-system
transitions are those that facilitate the most achieving population inversion.
The basic mechanism of light amplification in a laser arises from the snowball effect applied to stimulated
emission: each time that a stimulated emission takes place, additional photons with the correct energy are
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Figure 11.6: Left plot: the operation of a laser is based on the principle of population inversion: starting from a
system in thermal equilibrium, obeying Boltzmann statistics and thus where the population of the excited state is
smaller than that of the ground state, a pumping system increases the population of the excited state until it becomes
larger than that of the ground state. In these conditions, stimulated emission will dominate over absorption and this
the laser will indeed enhance light intensity. Right plot: The schematic operation of a three-level (upper diagram)
and four-level (lower diagram) laser, where we indicate the specific transition that is responsible for the lasing.

produced, inducing yet further additional simulated emissions, with an exponential grow of the intensity of
the incident electromagnetic radiation.

11.5

Photodynamic Therapy (PDT) (*)

Photodynamic therapy, or PDT for short, is a representative example of a medical application which is
based on the optical transitions between different molecular electronic states. PDT, also known as photochemotherapy, is a form of photo-therapy involving light and a photosensitizing chemical substance, which
in conjunction with molecular oxygen can eliminate cancerous tissue.
PDT works as follows. We start from a molecular singlet state, with two paired electrons (opposite
spin) in the same electronic quantum level. This level will be the HOMO, the Higher Occupied Molecular
Orbital, as illustrated in Fig. 11.7. Using laser radiation, an electron is excited to first the LUMO orbital
and then via an inter-system crossing it ends up in its first excited triplet state 3 P . The resulting state
photosensitizes the formation of an excited singlet state of O2 , 1 O2 , which are extremely reactive and destroy
cellular components. Therefore, the photochemical cycle that leads to the shrinkage of diseased tissue is the
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Voorbeeld van medische toepassing electronische toestanden en overgangen:
fotodynamische therapie
Singlet to triplet conversion: gepaarde spin naar ongepaarde spin

LUMO

HOMO

Energie van tripleGoestand is lager dan singleGoestand vanwege Hund’s rule

Figure 11.7: Left plot: the basic molecular electronic transition in Photodynamic Therapy is the one from a singlet
state with paired electrons to a triplet state where the two electrons have unpaired spin via an inter-system crossing.
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(11.20)

Note that the energy in the triplet state is lower than that of the singlet state due to Hunds’s rule, as
illustrated in Fig. 11.7. In the right plot of Fig. 11.7 we show an schematic representation of the molecular
orbitals in the O2 molecule, where the 2s orbitals form two σ-bonds and the 2p orbitals form two σ and
two π bonds. As we mentioned above, an inter-system crossing transition is enhanced by large spin-orbit
couplings, and therefore occurs mostly where heavy nuclei such as S, Fe and Mg are nearby. Since the
relaxation from the triplet state to the singlet ground state is forbidden by Pauli exclusion system (which
forbids two electrons with the same spin in the same quantum state), the electronic configuration displayed
in Fig. 11.7 has a remarkable longevity, which facilitates the photosensitization of a large number oxygen
molecules. This is the same mechanism that explained the very long lifetime of phosphorescence.
Therefore, PDT is based on the photosensitization of O2 molecules to turn them into extremely reactive
and destroy cancerous tissue. In this technique, first of all the patient is injected with a photosensitive
molecule, and one waits until this substance accumulates in the tumor. Then the tumor is illuminated with
laser light, induces the singlet to triplet transition in the molecule and which leads to the selective formation
of reactive 1 O2 and the restriction of cancerous tissue. This technique is mostly used for cancer present in
body cavities such as mouth, throat or bladder. A summary of the PDT mechanism is shown in Fig. 11.5.

Summary
Some of the important lessons that we have learned in this lecture are the following:
• The absorption of light (visible and UV) in biological molecules takes place predominantly by means
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Figure 11.8: In photo-dynamic therapy, a photo-sensitive (PS) molecule is injected on the patient and accumulates
on tumor. The subsequent irradiation activates a chemical reaction which creates reactive oxygen molecules 1 O2
which destroy the cancerous tissue.

of π → π ∗ transitions in p-conjugated electron systems.
• A larger p-electron conjugation length leads to absorption at longer wavelengths, that is, at smaller
photon energies. This is explained by the reduced electron confinement for large conjugation lengths.
• Symmetry considerations are important when determining whether or not an given optical transition
is possible within a specific molecule.
• The Franck-Condon principle explains the transitions in which a simultaneous change in the vibrational
and electronic states of a molecule takes place, the so-called vibronic transitions.
• The Einstein coefficient for spontaneous emission determines the radiation lifetime of a molecule τR ,
which in general is different (larger) than its total lifetime.
• The fluorescence lifetime τF is usually shorter than the radiative lifetime τR due to competing processes
that de-populate the excited states.
• The phosphorescence phenomenon is explained by the long-lived emissions from a triplet excited state
to a singlet ground state.
• The light amplification achieved in a laser is based on the concept of population inversion.
• The Photodynamic Therapy is an representative example of a medical application based on optical
transitions in biomolecules.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
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Chapters in textbook
• 11C.4: Vibration-rotation spectra.
• 11D.2: infrared absorption spectra.
• 11F.1: Diatomic molecules.
• 11G.1: Fluorescence and phosphorescence.
• 11G.2: Population inversion.
• 11G.3: Lasers.
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HC12: Magnetic Nuclear Resonance

van Quantum tot Molecuul
Dr Juan Rojo
VU Amsterdam and Nikhef Theory Group
http://www.juanrojo.com/
j.rojo@vu.nl
In this final lecture of the course, we will explore the important topic of Magnetic Nuclear Resonance
and show it is the basis for one of the most important applications of quantum theory in medical therapy,
namely Magnetic Resonance Imaging.

The learning goals of this lecture are:
(a) Understand that the atomic nucleus has a magnetic moment, and that upon interaction with a
magnetic field its energy levels split for different values of z component of the nuclear spin.
(b) Understand and be able to interpret Nuclear Magnetic Resonance (NMR) spectra.
(c) Understand how pulse techniques can be employed in order to measure NMR spectra.
(d) Become familiar with the basic principles of Magnetic Resonance Imaging (MRI).

12.1

Nuclear spin

~ a particle with a magnetic moment µ
Classically in the presence of an external magnetic field B
~ has associated
~ In quantum theory, promoting observables to operators, we find that the Hamiltonian
an energy E = −~
µ · B.
that describes this interaction is
~.
Ĥ = −µ
~ˆ · B
(12.1)
An electron moving around an atomic nucleus has associated an associated angular momentum ~l and thus a
magnetic moment, so in this case the Hamiltonian operator reads
ˆ ~
Ĥ = −γe~l · B
,

γe ≡ −

e
,
2me

(12.2)

where γe is the magnetogyric ratio of the electron, also known as gyro-magnetic ratio.
Considering without loss of generality a magnetic field with magnitude B0 pointing in the z direction,
the Hamiltonian will be Ĥ = −γe B0 ˆlz . From our previous discussion of angular momentum in quantum
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Figure 12.1: In the presence of an external magnetic field B0 , a given electronic energy state splits into two different
~ coupling to the total energy. These two states are separated by
states due to the different contribution to the ~s · B
an energy shift of ∆E = ge µB B0 .

mechanics, we know that this Hamiltonian will have as eigenvalues:
Eml = −γe ml ~B0 ≡ µB ml B0 ,

µB ≡

e~
= 9.27 × 10−24 J T−1 ,
2me

(12.3)

where the constant µB is known as Bohr’s magneton, and ml is the quantum number of angular momentum
in the z direction.
The result above is the contribution from the electron energy from the interaction of its orbital angular
momentum with an external magnetic field. However, an electron also has an intrinsic angular momentum,
its spin, which will also need to be accounted for. In this case the corresponding Hamiltonian will be
~ · ~sˆ ,
Ĥ = −ge γe B

(12.4)

with ge ' 2.002319 is known as the electron’s g-factor, which deviates from 2 due to relativistic quantum
effects, and ~sˆ is the spin operator. As in the case of the angular momentum, for a magnetic field in the z
direction, the contribution to the total electron energy of the interaction between the electron spin and the
magnetic field will be:
Ems = ge µB ms B0 ,
(12.5)
where of course now ms = ±1/2. Therefore, for B0 6= 0 a given energy level will split due to this effect by
an amount ∆E = ge µB B0 , as shown in Fig. 12.1.
The interaction between a magnetic moment and an external field can also be represented within the
vector model of the spin, illustrated in Fig. 12.2. In this picture, the external magnetic field induces a
precession of the electron spin, defined in general as the change in the orientation of the rotational axis of
~ and thus the
a rotating body. The magnetic moment of the electron will experience a torque ~Γ = µ
~ ⊗ B,
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√
3/2 whose
component in the z direction is ±1/2. Right plot: in the absence of an external field, there is no net magnetization
of the electron spin. For an external magnetic field, the electron spin develops a net magnetization, represented as a
precession around the z axis.

Figure 12.2: Left plot: in the vector model of electron spin, spin can be represented by a vector of length

magnetic moment will rotate around the axis defined by the magnetic field with frequency
νL =

|γe B0 |
,
2π

(12.6)

which is known as the Larmor frequency, and play an important role in the following discussion.
The splitting of energy levels due to the interaction between a magnetic field and an angular momentum
can be used for the so-called magnetic resonance. Let us first discuss we case of electrons, and then we will
turn to nuclei. Since the magnetic field induces an energy splitting of ∆E = ge µB B0 , a transition between
these two energy levels will have associated a frequency
ν=

ge µB B0
ge eB0
=
,
h
4πme

(12.7)

where we have use the definition of Bohr’s magneton. Eq. (12.7) is known as the resonance frequency for
electrons: absorption of electromagnetic radiation for this value of ν will thus be favored. For a reasonably
strong magnetic field of B = 0.3 T, we find that this frequency is ν ' 10 GHz, in the domain of microwave
radiation. Note that the Boltzmann distribution predicts that the state with lower energy will have higher
population, and this the absorption of EM radiation at these frequencies will be facilitated. Note also that
this transition can take place only with the condition of paired electrons between the initial and final levels.
Now, any particle that has associated an angular momentum will exhibit similar interactions with an
external electric field. What about the atomic nucleus then? Atomic nuclei are composed by protons and
neutrons, each of which are fermions, that is, spin 1/2 particles. Their angular momenta will add up and
in general the nuclear spin I will be different from zero. And from there on the usual properties of angular
momentum follow, for instance, a nucleus with spin I will have associated an intrinsic angular momentum of
p
I(I + 1)~, and its components mI ~ along a given axis will take the values mI = I, I − 1, . . . , −I + 1, −I.
The resulting splitting of the energy levels will be similar to the electron case, with the only difference
that now the atomic nucleus has a different magnetic moment. Therefore, we will have that the energies
associated to the nuclear spin in a external magnetic field are given by
EmI = −γ~B0 mI ,

γ~ ≡ gI µN

µN =

e~
= 5.051 × 10−27 J T−1 ,
2mp

(12.8)
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where we have introduced the nuclear magneton µN and the nuclear g-factor gI . In the specific case of a
I = 1/2 nucleus, the energy levels will split into two with a energy difference γ~B0 , and now the resonance
frequency Eq. (12.7) for B = 12 T will be ν ' 500 MHz, in the regime of radio-waves. This very significant
change in the resonant frequency of nuclei as compared to electrons is explained from the fact that µN  µe
because of the much larger nucleon mass mN  me . Therefore, nuclear magnetic resonance can be achieved
for radiation much smaller energies (longer wavelengths) than those of the electron case.

12.2

The chemical shift

In practice, the interaction between atomic nuclei and external magnetic fields will be partially shielded due
to the surrounding electrons (atomic and/or molecular), and therefore nuclei experience a smaller magnetic
field,
e0 = B0 − δB ≡ B0 (1 − σ) ,
B
(12.9)
where σ is the so-called shielding constant, and its value depends very sensitively on the specific chemical
structure surrounding the nucleus. As a consequence of this shielding, for a fixed value of the external
magnetic field B0 , nuclei of different chemical identify will have associated different resonant frequencies.
We call this chemical shift the measure of the differences in the resonance frequency due to the shielding
effects of the electrons, which allows to discriminate not only between different chemical elements but also
between the same element in different locations within a molecule.
Given that the local magnetic field experienced by the nucleus is B0 (1 − σ), the associated Larmor
frequency will also be reduced, and will be given by
νL = (1 − σ)

γB0
.
2π

(12.10)

Then we can define the chemical shift δ as the shift of the Larmor frequency relative to a reference value ν0 ,
that is
νL − νL,0
δ≡
× 106 ,
(12.11)
νL,0
which is roughly independent of the specific value of B0 , which cancels partially in the ratio. Therefore, if
for example we have a reference Larmor frequency of 500 MHz for a given field B0 , then a chemical shift
of δ = 1 ppm (parts per million) corresponds to a shift in the Larmor frequency νL as compared to the
reference value of 500 Hz.
To illustrate the concept of chemical shift, in Fig. 12.3 we show a schematic representation of the ethanol
molecule, CH3 CH2 OH. In the same figure we also show chemical shift δ associated to different hydrogen
nucleus in the ethanol molecule. We observe that the closer to the oxygen nucleus, the larger the chemical
shift. This can be explained since oxygen is the most electro-negative element of the molecule and thus
attracts the most the molecular electron density, leading to an enhanced chemical shift of the neighboring
hydrogen nucleus. From Fig. 12.3 we also see that there is a fine structure for the each nucleus in the ethanol
molecule. This fine structure arises from the spin-spin coupling, where the spin from one nucleus contributes
to the local magnetic field of a neighboring nucleus.

12.3

NMR spectroscopy

We now want to illustrate how we can measure NMR spectra and chemical shifts, as required for medical
applications. This can be achieved by means of the NMR spectrometer, and requires introducing the concept
of the pulsed technique.
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Figure 12.3: Right plot: schematic representation of the ethanol molecule, CH3 CH2 OH. Left plot: the chemical shift
δ associated to different hydrogen nucleus in the ethanol molecule. We observe that the closer to the O nucleus, the
larger the chemical shift.

The basic ingredient of NMR is the measurement of the chemical shifts for each atom in a molecule of the
analysed sample, which then allows its identification by comparing with the reference spectra. One possibility
would be to measure the rate of absorption of radio waves as a function of their frequency ν, which should
be dominated by the Larmor frequencies of the nuclei in the sample. As illustrated by Fig. 12.1 (applied to
the magnetic moment of nuclei), the value of the photon energy that induces the resonant transition β → α,
Eγ = γB0 /2π, lies in the radio part of the EM spectrum. This approach is however challenging, since first
of all the population difference between α and β, the nuclear atomic states with different spin, is small, and
second because such a frequency scan is a rather slow process. Indeed, the difference in population between

α and β can be as small as O 10−5 .
The alternative is to use pulse techniques, which are much more efficient. To understand the pulse method
works, we consider a vector model for the nuclear spin, such as that shown in Fig. 12.2 for the electron. Let
p
√
us assume that the nuclear spin is I = 1/2 for simplicity. The length of this vector is I(I + 1) = 3/2 (in
units of ~), and the projection in the z direction is fixed to be Iz = ±1/2. Recall that the operators Iˆx , Iˆy
and Iˆz do not commute among them.
For a vanishing external magnetic field, B0 = 0, the energy of the two states α and β are the same,
and so they have the same average population. Once we switch on the external magnetic field, B0 6= 0, the
energy of the two levels splits, with Eβ < Eα (see Fig. 12.1). Due to Boltzmann statistics, we know that the
population of the lower energy state α will be larger than that of the higher energy one β, Nα < Nβ . This
implies that a net magnetization is created in the analyzed material, proportional to Nβ − Nα .
The next step in the pulse method is that, in addition to the static magnetic field B0 , we also add an
oscillatory magnetic field in the (x, y) plane, with Larmor frequency νL and circular polarization so that
B1 rotates in the (x, y) plane with frequency νL . Recall that the static magnetic field B0 is applied along
the z direction, and is thus perpendicular to the new oscillatory magnetic field. This additional field will
induce the transition α ← β, that is, from the lower to the higher energy nuclear magnetic states. If we
now transform to the rotating frame with Larmor frequency νL , the nuclear spins will experience a constant
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Figure 12.4: In the pulse method, a magnetic field polarized in the (x, y) plane oscillates with frequency νL (left
plot), perpendicular to the nuclear spin. In the rotating reference frame, the nuclear spin experiences a constant
magnetic field B1 (right plot).

magnetic field B1 . Therefore, in this frame, the nuclear spins will exhibit a precession with a different value
of νL , as illustrated in Fig. 12.4. This new Larmor frequency will be
νeL =

γB1
,
2π

(12.12)

and thus the period of the new Larmor precession will be
T =

2π
.
γB1

(12.13)

In the pulse method, rather than having the oscillatory field B1 activated the whole time, we have it
on only for a small amount of time, the pulses. In particular the duration of this pulses should be one
quarter of the total precession period, (1/4) · (2π)/γB1 , corresponding to am angular rotation of π/2, which
typically corresponds to a duration of microseconds. Now, while in the rotating frame the magnetization
M is constant in the (x, y) plane, in the laboratory frame it will rotate with Larmor frequency νL . This
oscillatory magnetization can be detected in the coil of an NMR spectrometer, where it can be transformed
into output electromagnetic radiation in the radio spectrum.
A characteristic signal of the measured MNR signal is that it will appear as a Free Induction Decay
(FID), which oscillates with Larmor frequency νL but whose amplitude decays exponentially due to the
finite duration of the length of the pulse. The oscillating signal detected in the MNR spectrometer can
then be Fourier-transformed to determine the values of the Larmor frequencies for each of the nuclei in
the studied sample, as shown in Fig. 12.5. This way, in a sample with different nuclei and/or nuclei with
different chemical shifts, the Fourier transform will exhibit multiple peaks corresponding to each of the
relevant Larmor frequencies.
The reason why the MNR signal in Fig. 12.5 decays exponentially with time can be undertood as follows.
After a π/4 pulse, the magnetization of the atomic nuclei is not in thermal equilibrium with its surroundings.
In particular, since β has a higher population than α, the pulse will affect more the former level and thus
contradict the expected Boltzmann populations. Indeed, after the π/4 pulse the population of spins in the
two levels is similar. After a some time, following the pulse, the system will be back to thermal equilibrium
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Single Larmor frequency

Fourier transform

Nuclei met verschillende chemical shi1s: meerdere Larmor frequen7es
Two Larmor frequencies
Fourier transform

Either two different nuclei or same nucleus !
Nuclei met verschillende chemical shi1s: meerdere Larmor frequen7es
with different shielding (chemical shift)
Figure 12.5: The oscillating signal measured in the MNR spectrometer can be Fourier transformed to determine
the values of the Larmor frequencies present for the studied sample. In a sample with different nuclei and/or nuclei
with different chemical shifts, the Fourier transform will exhibit multiple peaks corresponding to each of the relevant
Larmor frequencies.

where

Nα
= e−hνL /kB T .
Nβ

(12.14)

This longitudinal relaxation time T1 will be given by the time it takes for the system to recover its original
magnetization M0 along the z direction, namely
(Mz (t) − M0 ) ∝ e−t/T1 ,

(12.15)

where we see that for t  T1 the magnetization will be Mz (t) = M0 , as was the case before the pulse.
Moreover, after the π/4 pulse there will also be a new magnetization My along a given direction in
the (x, y) plane, that is, the phase of individual nuclear spins along this plane (in the vector model of the
atomic spin) will be common. Some time after the pulse, this common phase will be lost and the associated
macroscopic magnetization in the transverse direction My will disappear. We can then define the transverse
relaxation time T2 as
My (t) ∝ e−t/T2 ,
(12.16)
so that for t  T2 we have that My → 0, as was the case before the pulse. The longitudinal relaxation
mechanism also affects the transversal one, so typically T1 ≥ T2 , of the order of a few seconds. The main
impact of the T2 relaxation is the broadening of spectral lines. Indeed, it can be shown that the width at
half-maximum of a MNR line is given by
1
ν1/2 =
.
(12.17)
πT2
The experimental apparatus for the measurement of NMR spectra is illustrated in Fig. 12.6. First of
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Figure 12.6: In an NMR spectrometer, a powerful magnet is used to apply a strong magnetic field to the studied
sample. Then, the sample is irradiated with pulsed electromagnetic radio waves and the response of the system under
this radiation (which frequencies are absorbed) is monitored to determine the resultant NMR spectra.

all, in an NMR spectrometer, a powerful magnet is used to apply a strong magnetic field B1 to the studied
sample. Then, pulsed electromagnetic radio waves and the response of the system under this radiation
(which frequencies are absorbed) is monitored to determine the resultant NMR spectra. The frequency of
the pulsed radio waves is tuned to reproduce the Larmor frequencies of specific magnetic nuclear resonances,
as explained above. The Fourier transform of the output radio frequency, as indicated in Fig. 12.5, indicates
the Larmor frequencies of the various atomic components of the sample.

12.4

Magnetic resonance imaging (MRI)

Magnetic Nuclear Resonance is the key principle underlying Magnetic Resonance Imaging. This imaging
method is based on the deliberate application of an inhomogeneous magnetic field, in other words, a magnetic
field gradient. As we have discussed, each molecule of the imaged sample, in the presence of a external
magnetic field, will have associated a Larmor frequency of
νL (~r) = (1 − σ)

γB0 (~r)
,
2π

(12.18)

which now will be different for each position ~r of the sample, due to the inhomogeneity of the magnetic field.
By comparing the observed Larmor frequencies with the expected values for some molecules and taking into
account the magnetic field gradient applied to the sample, we can reconstruct a three-dimensional image of
the chemical components of the sample.
The typical MRI application is based on the proton resonance, therefore the largest signal will come from
those body parts with the highest concentration of water. To enhanced the contract, it is possible to use
that the longitudinal and transverse relaxation times T1 and T2 depend on the time of local environment,
for example they are different in membranes than in bulk water. This way, it is possible to image separately
using MRI different types of soft tissue such as gray matter, white matter or spinal fluid. In Fig. 12.7 we
illustrate how by means of Molecular Resonance Imaging it is possible to obtain three-dimensional images
of soft tissue, in this case white and grey matter inside the skull.
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Figure 12.7: By means of Molecular Resonance Imaging, it is possible to obtain three-dimensional images of soft
tissue, in this case white and grey matter inside the skull.

Summary
Let us summarize some of the important topics that have been covered in this lecture:
• A moving electric charge has an associated angular momentum ~l, which can then interact with a
~
external magnetic field B.
• The interaction of the electron spin with an external magnetic field induces an energy splitting that
can be proved by resonant absorption at microwave frequencies.
• Atomic nucleus also have an intrinsic angular momentum, spin, built upon the spin of its components,
protons and neutrinos. Depending on the specific nucleus, this spin can be zero, half-integer or integer.
• The nuclear magneton µN is much smaller than the electron magneton µB due to the mass suppression
of the atomic nuclei as compared to the electron mass.
• Magnetic resonance absorption in nuclei takes place at radio frequencies.
• The chemical shift quantifies the degree of shielding of nucleus by core electrons in the presence of
external magnetic field.
• Magnetic nuclear resonances can be efficiently probed using the pulse method, were short pulses of π/4
angle are used to excite the magnetic resonances.
• The MNR signal decays exponentially die to the longitudinal and transverse mechanism of spin relaxation.
• Magnetic nuclear resonance is the key for Magnetic Resonance Imaging, where a magnetic field gradient
can be used to obtain a three-dimensional image of soft tissues.

Further reading
Further reading material about the topics covered in this lecture can be found in the following sections of
the course textbook (Physical Chemistry, Atkins and De Paula, 11th edition):
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Chapters in textbook
• 12A.1: Nuclear magnetic resonance.
• 12B.1: The chemical shifts.
• 12B.2: The origin of shielding constants.
• 12C.1: The magnetisation vector.
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